
Stable Homotopy Theory
Recall that the Eilenberg-Mochane spaces are uniquely determin

ned by Hi (X : 6) = [X
,
k(G

,
n)].

By the Suspension-Loop Adjunction,

[X
.
BK(6

,
n +1)] = [EiX

,
K(G

, n +1)] = H
**

(ZiX : 6)

= H (X : 6) = [X
,
K(6

,
n)]

Hence
,
M2K(6

,
n+ 1) = K(G

,
n)

.

Def": A spectrum R is a sequence of spaces.... R-1 ,
Ro

,
R
, ..

such that BRi = Ric
.
Its infinite loop space isPR = Ro

.

Example : The Eilenberg-MacLane spectrum is HG
:

= K(G
,

i).

Def? A ring spectrum is a spectrum equipped with a "tensor

product" called the smash product : RnR - R
.

Example : If A is a commutative ring ,
then the Eilenbe-

rg-Machane spectrum HA is a ring spectrum .

Def ? Let R be a ring spectrum. An R-module spectrum is

a spectrum X together with a map RnX > X making
certain diograms commute. We denote the category by R-Mod.
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Floer Theory
Fix a ring A ,

for example A = X
.

In Floer theory ,
we

have critical points :

· Hamiltonian orbits in Hamiltonian Floer theory
· Hamiltonian chords in Lagrangian Floer theory

which
,
under certain conditions

,

admit grading. Suppose we

have :

·
one critical point a in degree O

· two critical points b in degree 1
·

one critical point c in degree 2

Then we get a chain complex :

Om(a
,
b)

,
M(a

,
b) WM(b

,
ch

,
MLb:)

Za S 225 & 2c
!! !! !!

Co Ca C2

where 22 = O by Gromov Compactness. The colimit

Coto] > CTO]

I O
·

O

<Ca[o]

O Ihocolim - v = [Co-(- (2]

V

-

0

gives us the chain complex (up to quasi-isomorphism) .

We wish to replicate this over ring spectra.



Complex Bordism Spectrum

Def": The classifying space for stably complex (-k)-manifolds is the

geometric realization of the simplicial set whose n-simplices are

corner transverse maps
Ma > A with stable almost complex struc

ture on TM .

We denote it by MU.
· The face maps are

-

(M-fc * )1 <(f(di) <diA) Ern
· The degeneracy maps are similar.

↓
=> j
-

Examples :

· For each k
,
theO-simplices of MU1, are just stably complex

closed K-manifolds M" < A:

· For each k
,
the null-cobordisms of K-manifolds are 1-simplices

of X-K .
For example ,

De (MU
- 1)e and

face
⑪ = At - % = 10

*

witnesses the null-homotopy.

Thm: MWo = MU

Proof: We only show that the O-simplices are the same.

(MU= EX" < MU .
2* * 3



= [M* +
> * f (GA) = 03

= [M" 1 3 = (MW-Ho . *

Def? The stable complex bordism spectrum is MU whose k-th

space is MUK
-

Fact : MU admits a ring spectrum structure coming from product

of manifolds. Hence
,
MU-Mod is a stable -category.

Example : For a ring A ,
we have

End A = Homa-Mod(A ,
Al = Hom (2 ,

A) = A
A

Prop : Let R be a ring spectrum. Then
, EndeR = Ro as infinite

loop spaces.

Proof : EndrR = Homp-mod(R ,
R) = Homsp ($ ,

R)

= Hom (25 ,
R) = Homspe (5 ,

MR)

= Homspa (S ,
Ro = Ro

One can also show that

EndpR = D Homr-mod(R ,
IR)

and Homrmod (R ,
ZiR) = Re and so on. *

Corollary : Every o-dimensional stably almost complex manifold M

gives an endomorphism Pr : MU s MU.

Proof : Such a manifold M is a O-simplex in MU
.
when



we see it as M-A. *

Corollary: Let N be a 1-dimensional stably almost com-

plex manifold with GN = M. Then N defines a homotopy bet-
ween 4x and 4p = ① in MW-Mod

.

Proof : N is a 1-simplex in MU
.

= EndruMU with ends

M and D = the empty manifold . Therefore ,
in j.1

·

MU-Mod
,
N defines a homotopy between N

&

YN : MU >MU and Y = 0 : MU < MU. *

Flow Categories and Floer Homotopy Type
We can now assemble everything together to define the Floor

homotopy type . Suppose we have one critical point in each

of three degrees : a
,
b

,
c .
We work in MU-Mod.

1) Take a copy of MW for each critical point.

2) Since the index differences are one
,
M(a

,
b) and M(b

,
c)

are O-dimensional stably almost complex manifolds ,
i

. e.

each determines an element of EnduuMU.

MraM(a ,
b) b Mlbic
Mu Mus

3) The composition in EnduuMU is determined by the ring
structure of MU ,

which is given by product of manifolds.
Hence

, we can identify the above composition with

MrMa



4) Since index difference is two
,
M(a

,
c) is a 1-dimensional

stably almost complex manifold such that
2M(a

,
c) = M(a

,

b) xM(b
,
c)

.

Hence
,
it defines a homotopy between

M(a
,
b) xM(b

,
c) e EndruMU

and D map ,
i . e. a 1-simplex in Mr-Mod.

MuaMlab) s Myb Mabis My
-

M(a
,
b) xM(b

,c)
Y

⑭
V

①

5) Now we are in the same situation as before :

Mua M(a,
b) My

colim

&

O

M(b
,c)

O homotopyI ~

s

V

C I =

Floer

typeO & Mu

which is an MU-module.

6) For
any ring spectrum R with a ring spectrum map

MU- R
, you

can map the above diagram to R-Mod

and take the colimit there to get an R-module.


