Minimal Amplitude Factorization (Full Notes)

Derived Smooth Manifolds, Part II:
Minimal Amplitude Factorization and Computations
(Full Notes)

- Saul Hilsenrath

§ Latching and Matching Maps
Definition 1: A Reedy category is a tuple (B, B,, B_, d) consisting of a small category B, subcategories
B,,B_, and a function d: ob B — N (the “degree function”) such that
e every nonidentity map in B, raises the degree,
e every nonidentity map in B_ lowers the degree, and
e every map f in B factors uniquely as f = goh forg € B, and h € B_.
We will typically abuse notation and write simply B to represent the data of the Reedy category.

Definition 2: Let B be a Reedy category, n € N, and B,, be the full subcategory of B consisting of
objects of degree < n. Let C be a complete and cocomplete category. Then the restriction functor
res,:C® — CPn has a left adjoint sk,,;: CB» — C? (the “n-skeleton” functor) and a right adjoint
cosk,:CBn — CB (the “n-coskeleton” functor).

Remark 3: If (B, B,,B_, d) is a Reedy category, then so is (B°P, (B_)°P, (B,)°?,d). Let n € N. Taking
opposite categories swaps left and right adjoints, so res;;: (C°P)3” - (C"F’)‘Bgp has right adjoint
sk;:(C 010)792p — (€°P)B°® and left adjoint cosk;;: (C 010)?32p — (€°P)B°" In particular, the n-skeleton
functor of B°P is (naturally isomorphic to) cosk;,,, and the n-coskeleton functor of B°P is (naturally

isomorphic to) sk;,. Hence, it usually suffices to prove results for skeleta, and the corresponding results
for coskeleta follow by duality.

Lemma 4: Let B be a Reedy category. For n < m, the essential image of sk,, is contained in the
essential image of sk,,.

res
Proof. res,, factors as B —5 CBm — CBn, 50 its left adjoint sk, factors, up to natural isomorphism, as

sk
CBn - ePn 5.0

Construction 5: Let’s give an explicit construction of sk,,. Let X € ObC2n. Let b € Ob B, and let
BT (b) be the full subcategory of the slice category B, /b consisting of morphisms with domain in B,,.

Let X (b) the colimit of the functor X ®: B?(b) » B, 4 C, where the first map is the forgetful functor.
For a morphism : b = b’ in B, each object in B} (b) gives rise to an object in B} (b") via composition
with 8. Hence, we have a cocone to X®) taking X, to X(b") for each object a — b in B?(b"), inducing a
morphism X(b) — X(b"). This is clearly functorial, so that we get X € Ob C®. For a morphism f: X —» Y
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in C®, we get a natural transformation X — Y® for each b € Ob B, giving rise to a morphism
X(b) — Y(b) for each b € Ob B. Naturality is easy to see, so that we get a morphism f: X — ¥ in .
this procedure gives us a functor F: CB» — 2. To see that this is a model for sk,,, we need to show that
F 4 res,,. To see this, let X' € ObC® and X = res,,(X'). Then for each b € Ob B, we have a cocone to
X® taking X, = X/, to X}, via X'(a — b) for each object a — b in B?(b"), inducing a morphism
X(b) — Xj. This is clearly natural, so that we get a morphism 7y: F(X) — X'. This, too, is clearly
natural, giving a natural transformation €: F o res, — 1,5. Notice that for X € Ob C® and b € Ob B,,,
we clearly have X(b) = X,, and similarly on morphisms, so that res,, ()? ) = X. In particular, res, o F =
1,3,. Let g: F(X) — Y be a morphism in €2. Then the unique morphism f: X — res, (Y) in €& such
that g = €y o F(f) is f = res, (g).

We have a similar explicit construction of cosk,, by duality. In particular, cosk,, takes X €
Ob C%n to a functor X € Ob C® whose fiber at b € Ob B is the limit of the functor B®(b) — B, 4 C,
where B (b) is the full subcategory of the coslice category b/B_ consisting of morphisms with
codomain in B,,.

Remark 6: By the construction above, res,, o sk, = 1.s,. It follows that sk,, is injective on objects and
faithful. Fullness follows from the universal property of colimits. That is, sk, is injective on objects and
fully faithful. Dually, cosk,, is injective on objects and fully faithful.

Definition 7: Let B be a Reedy category. For b € Ob B of degree n > 1, the latching object functor
L,: C® - B is the composite ev), o sk,_; o res,_;. For X € Ob €%, L, X is the latching object and the
map L,X — X given by the b-component of the X-component of the counit sk,,_; o res,_; = 1.5 is

called the latching map. Notice that explicitly, L, X is the colimit of B} ~1(b) - B,_; 3 C.

Dually, for b € Ob B of degree n > 1, the matching object functor M?: CB — B is the composite
evy, o cosk,_, ores,_;. For X € Ob CB, MPX is the latching object and the map X, » MPX given by
the b-component of the X-component of the unit 1.z = cosk,_; ° res,_; is called the matching map.

X
Notice that explicitly, M? X is the limit of B*~1(b) - B,,_; — C.

Example 8: Let A, be the subcategory of A consisting of injective monotone functions, and let A_ be
the subcategory of A consisting of surjective monotone functions. Let d: Ob A — N be the function
taking each [n] ton. (A, A4, A_, d) is a Reedy category, so (A°P, (A°P), = (A_)°P,(A°P)_ =
(A,)°P,d) is also a Reedy category. Note that we typically write simply n for [n] in subscripts and
superscripts. Let n = 0. We denote A, by A.,, and A™([k]) by [k] - A.,. (More generally, we denote
surjections in A by —».) Note that [k] - A_, is the category of surjective maps in A from [k] to [a] for
a < n. We have that (A°P), ([k]) is the category of maps in (A°P), = (A_)°P with domain in (A°P),, =
(A<,)°P and codomain equal to [k], i.e., it is the opposite of the category of maps in A_ with domain
equal to [k] and codomain in A.,,, i.e., it is ([k] - A.,)°P.
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The n-skeleton functor for A°P is sk,,: CAsn)°” — A% given by X ([k] - ([k]cokim)Op X),

Given X € Ob C2°", the latching object for [n], which we call the nth latching object, is L, X =

colim X = colim X.Atthe same time, the coskeleton functor for A is cosk,: CAsn — €A
([n]»A<pn-1)°P ([n]»A<n)OP

given by X — ([k] - [ ]lim X ) Given X € Ob C#, the matching object for [n], which we call the nth

»AQ<n

matching object, is M"X = ] lign X = [ ]linAl X. This gives John’s notation; note that we are taking
Nnj>A/<n—1 nj=>8/<«n

latching objects for one Reedy category (namely, A°P) and matching objects for a different Reedy
category (namely, A). Note that for a cosimplicial object X in C, we typically write the n-component
with a superscript as X", so that the nth matching map is X" - M"X. //

Lemma 9: Let B be a Reedy category. X € Ob C? is in the essential image of sk,, if and only if the
counit map €y: sk, (resn 0.4 )) — X is an isomorphism.

Proof. The “if” direction is trivial. To prove the “only if” direction, suppose that there is an isomorphism
V: sk, (Y) — X. By naturality of the counit €: sk,, o res, = 1.3, €x © skn(resn(ﬁ)) =10 o €5k, (v)- TO
show that €y is an isomorphism, it suffices to show that sk, (resn (19)), U, €5k, (v) are isomorphisms.
Since ¥ is an isomorphism by hypothesis, it remains to show that € (y) is an isomorphism. By the
fourth paragraph of the second comment for p. 18 in the notes for Cisinski’s book, if 7: 1.8, = res, o
sk, is the unit of the adjunction sk, - res,, then 15, (y) = €sx, (v) © Sky(17y), so it suffices to show
that 7y is an isomorphism. Since sk, is fully faithful, by the dual of lemma 2 in the notes on model cats
and infinity cats, 77 is a natural isomorphism, completing the proof. O

Lemma 10: Let 9: X - Y be a morphism in C2. Suppose that 9, is an isomorphism for all b of degree
< n and that the latching maps L, X — X, L,Y — Y, are isomorphisms for all b of degree > n. Then 9
is an isomorphism.

Proof. Let b be an object of degree n + 1. Then by naturality of the counit, the composite L, X

Lp? 9

= L,Y =Y}, equals the composite L, X — X, = Y,,. By hypothesis, 9, is an isomorphism for all b" of
degree n, so res, () is an isomorphism, implying that L,9 = ev, (sk,1 (resy (19))) is an isomorphism.

It follows that J,, is an isomorphism. Hence, 9, is an isomorphism for all b of degree n + 1. By
induction, we get that I, is an isomorphism for all b € Ob B, so 9 is an isomorphism. O

Proposition 11: Let X € Ob C2. X is in the essential image of sk,, if and only if the latching maps
Ly, X — X, are isomorphisms for all b of degree > n.

Proof. Suppose that X is in the essential image of sk,. Then by lemma 4, X is in the essential image of
sk,, for allm > n. By lemma 9, skm(resm (X)) — X is an isomorphism for all m > n, so L,X =

evy (skm(resm 0:¢ ))) — X}, is an isomorphism for all b of degree m + 1 for all m > n. That is, the

latching maps L, X — X, are isomorphisms for all b of degree > n.
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Conversely, suppose that the latching maps L, X — X}, are isomorphisms for all b of degree > n.
Since sk, (‘resn X )) is in the essential image of sk,,, by the previous paragraph, the latching maps

L, (skn(resn(X ))) - (skn(resn(X )))b are isomorphisms for all b of degree > n. For b of degree <

n, it is clear from construction 5 that the b-component of the counit map sk, (resn 0.4 )) — X isan
isomorphism. Hence, by lemma 10, the counit map sk, (resn 0:¢ )) — X is an isomorphism, so X is in the
essential image of sk,. O

Definition 12: A simplicial object in a cocomplete category C is n-truncated if it is in the essential
image of the n-skeleton functor for A°P. Dually, a cosimplicial object in a complete category C is n-
truncated if it is in the essential image of the n-coskeleton functor for A.

Corollary 13: A simplicial object in a cocomplete category C is n-truncated if and only if the latching
maps L, X — X are isomorphisms for all k > n. Dually, a cosimplicial object in a complete category C
is n-truncated if and only if the matching maps X¥ - M*X are isomorphisms for all k > n.

Convention 14: Let B be a Reedy category. For X € Ob C® and b € Ob B of degree 0, we let L,X = @,
the initial object in C, and M?X = «, the terminal object in C. Notice that this actually extends the
definitions of L,X and M?X in terms of colimits and limits, since for b of degree 0, we can take B,, to be
the empty category, so that B¥~1(b) and B" 1(b) are the empty category. (in the (co)simplicial case,
this corresponds to the interpretation A, and hence of ([0] - A_,), as the empty category.) We also
define the latching map L,X — X, to be the unique map @ — X, and the matching map X, > M”X to be
the unique map X, — *.

Definition 15: Let B be a Reedy category. For a morphism X — Y in C2 and b € Ob B, the relative
latching map is X, Uy, x L,Y — Y, and the relative matching map is X;, - MPX X,y Y.

Lemma 16: Let C be a complete category and 9: X — Y be a morphism of cosimplicial objects in C.
Then M™9: M™"X — M™Y can be written as a finite composition M"X = Z,,_; = - > Z_; = M"Y,
where Z; = Z;_, is a pullback of the ith relative matching map X' - M'X X,i, Y*.

Proof. Consider the diagram D in € indexed by ([n] » A.,,) X (x — y) corresponding to X — Y. In
particular, D([n] - [a],x) = X%, D([n] - [al,y) = Y%, D([n] » [a] - [b],x) = X([a] > [bD),
D([n] - [a] - [b],) = Y(la] - [b]), and D([n] - [a],x = ¥) = 8. Let (Q, (€injr(ay) ) be a cone
to D. Then (Q, (c[n]_»[a],x)) is a cone to the restriction of D to ([n] - A,,) X x, whose limit is M"X. In

particular, there is a unique map u: Q - M™X such that Q 5 M™X — X% equals C[nj-s[q]x fOr EVery

Cln]»[alx Yq 94
[n] - [a]. It follows that cf,), (4], €quals Q lals ya S ya equals Q S Mrx - x2S ya forall
[n] - [a]. Hence, M™X is a limit of D. Notice that M™Y is a limit of the restriction of D to
([n] » AL xy.
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For each i, we define Z; to be the limit of the restriction of D to the full subcategory of
([n] » AL,) X (x = y) consisting of the objects of ([n] » A.;11) X x and of ([n] » A_,,) X x.
Further, we define Z; — Z;_; to be the map induced by the universal property of limits. It follows that
M"X - M"Y is the composite Z,,_; = +-- = Z_;. It remains to show that for each i, Z; - Z;_; is a
pullback of the ith relative matching map. Fix i. Notice that we have a map Z; — X* corresponding to
the unique object ([n] - [i]) X x such that the restriction of [n] - [i] to [i] is 1f;;. We similarly have
such amap Z;_; — Y'. In addition, for each [i] - [a] for a < i, we have a unique extension [n] - [a],
and corresponding to the object ([n] - [a], x) is a map Z;_; — X%. By the universal property of limits,
we get amap Z;_; — M'X. The composite Z;_; = M'X —» M'Y and Z;_; - Y* - M'Y are both
obtained by the universal property of limits by the assignment to each [i] - [a] of the map Z;_; — Y*
corresponding to the object ([n] - [a], ¥) corresponding to the unique extension [n] - [a] of [i] >
[a]. Hence, we get a map Z;_; = M'X X,,i, Y'. We want to show that (Z;,Z; - Z;_1,Z; > X') isa
pullback of (Z;_y = M'X X i, Y5, X' > MUX X,,i, Y1). To sketch why this is true, notice that given a
cone to the diagram (Z;_; & M'X X1, Y, X! > M'X X, YY) with apex Q, we need to construct a
map Q — Z;, i.e., we need to construct suitable maps Q — X for [n] » [a] with a < i + 1 and maps
Q - Y for [n] » [a] with a < n. We already have maps Q — X¢ for [n] -» [a] < i and maps Q — Y¢
for [n] » [a] with a < n via Q - Z;_;. We also have Q — X' for [n] - [i] the unique extension of 1
via the map Q — X' from the cone. For any other [n] - [i], the restriction to [i] factors through [i] -
[a] for some a < i, and we get a corresponding map Q — X% via Q - Z;_; - M'X. A diagram chase
shows that everything works. O

§ Dold-Kan Correspondence
Definition 17: Let A be a simplicial abelian group. The Moore complex C, (A) of A is the chain complex

of abelian groups
A,, n=>0

C"(A):{ 00 n<o0

with boundary maps 0: 4,, —» A,_1 given by
n
2(0) = Y (~D'd7 (o).
i=0

Here, di' = A(é',il) is the ith face map.

Definition 18: For each n > 0, let D,,(4) be the subgroup of 4,, generated by the images of the
degeneracy maps s ' = A(}._1): Ap_1 = Ap, 0 < i < n— 1. (Note that Dy(A) = Ay.) For eachn <
0, let D,,(A) = 0. Then @ maps D,,(A) into D,,_, (A) for each n. In particular, we get a subcomplex

D, (A) of C,(A). The normalized Moore complex of A of the quotient N, (A) = C,(A4)/D,(A). (Note that
Ny(A) = Cy(A)/Dy(A) = Ay/0 = A,.) This gives a functor N,: sAb - Koms,(Ab), where sAb is the
category of simplicial functors and Kom,,(Ab) is the category of complexes of abelian groups
concentrated in nonnegative degrees.
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Definition 19: Given a simplicial abelian group A, N, (A) is the subcomplex of C,(A) with N,,(4) =
n  kerd?. This gives a functor N,: sAb — Kom.,(Ab).

Lemma 20: For a simplicial abelian group A and n = 0, the map @ g.[n]-[m] N,,(A) - A,, given by
{x,} » X A(a)(x,) is an isomorphism of abelian groups. Here, the direct sum ranges over surjective
monotone functions a: [n] —» [m] for 0 < m < n. Further, this isomorphism is natural in A.

Lemma 21: For a simplicial abelian group A, the chain map N, (4) & C.(A) - N,(4) is an
isomorphism, and this isomorphism is natural in A.

Definition 22: Let S be a simplicial set. Z[S] is the simplicial abelian group freely generated by S.
C.(S,Z) :== C,(Z[S]) and N.(S,Z) := N,(Z[S]). Notice that for n > 0, N,,(S,Z) can be identified with
the free abelian group generated by the nondegenerate n-simplices of S. The differential d: N,,(S,Z) —
N,,_1(S,Z) is given by

n
(d™ (o), d!*(o) is nondegenerate
— —_1)i)J%i i
9(0) ZO( 1){ 0, otherwise.
l=

Definition 23: For a chain complex M,, the Eilenberg-MacLane space K(M,) of M, is the simplicial
abelian group with K,,(M,) = Hom(N, (A", Z), M,) for each n = 0. This determines a functor
K:Komsy(Ab) — sAb.

Proposition 24: N, 4 K.
Theorem 25 (Dold-Kan): N, is an equivalence of categories.
Corollary 26: K is an equivalence of categories.

Lemma 27: Let P be a class of morphisms in Ab that contains all isomorphisms and is stable under
finite composition, finite direct sum, and retracts. Then for a map A — B of simplicial abelian groups
and n > 0, the following are equivalent:

i.  The map A, — B, lies in P.

ii.  The map N,,A = N,,B lies in P for allm < n.
In particular, 4,, = B, lies in P for alln > 0 if and only if N,A — N,B lies in P for alln > 0.
Proof. By lemma 20 and lemma 21, we have an isomorphism @ 4.(n]-»[m] NmA 5 A, that is natural in A.
In particular, for a map A — B of simplicial abelian groups and n > 0, A,, = B, lies in B if and only if
Da:[n]»[m] NmA = Dq:[n]-[m] NmB lies in P. Hence, it suffices to show that for a finite family of maps
(C; = Dy)jer in Ab, ®;¢; C; = ®;¢; D; lies in P if and only if C; — D; lies in P for all i € I. The “if”
direction follows from the stability of P under finite direct sum. The “only if” direction follows from the
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fact that C; — D; is a retract of @;¢; C; = @D;¢; D; via the commutative diagram below, where the left

horizontal maps are the canonical injections and the right horizontal maps are the canonical projections.

C; Dies Ci C;

D; — @i D; D;

This completes the proof. O

Lemma 28: For every simplicial abelian group A and every k > 0, there is a short exact sequence 0 —

LA - C A = A = NipA - 0, and this sequence is natural in A.

Proof. For k = 0, LA = 0 and NyA = A,, and we clearly have a natural short exact sequence
0-0-4,—-4,~-0.

Now, suppose that k > 1. L, A = ([k]cokim) b A. In particular, L, A is the colimit of the functor
»Aci)®

A
([k] » AL,)°P - A2 & A°P — Ab. Clearly, (D, A, (A([k] ~ [i]) is a cocone to this functor.
<k

[k]-[i]
Any cocone (Q, (C[k]_»[i])[k]—»[i]) uniquely determines an extension to a function U%_, im s} — @Q, and
hence to a homomorphism DA = Q. Hence, D, A is a colimit of the functor, so we have LA = D, A. So
we have a functorial short exact sequence

0-LiA=DyA C(A) =A, » N,A - 0.
In fact, the inclusion D, A < Ay is evidently the map induced by the universal property of colimits, so it
is actually the kth latching map L, A — A,. O

Proposition 29: Let A — B be a map of simplicial abelian groups and k > 0. Then there is a canonical
isomorphism coker (4 U4 LB — By) = coker(NyA — NiB).
Proof. The pushout Ay L, 4 Ly B is the quotient of A € B by the subgroup generated by the elements
((LkA - A)(a),—(L A - LkB)(a)) for a € LA, and for any cocone (C, A, = C,LiB — C), the
induced map Ay U, 4 Ly B — C is the one taking the equivalence class of (a, b) to (4, — C)(a) +
(LB — C)(b), so in particular, im(Ak Up,a LB - C) =im(4; - C) + im(LyB - C). Hence,
im(Ag Up,a LB = By) = im(4, = By) +im(LgB - By) = im(4 — By) + ker(B; - NyB), so
By
im(Ag Up,a LB = By)
By,
im(A4, — By) + ker(B, = N,B)
B, /ker(B;, — NiB)
(im(A4, — By) + ker(B, = N, B))/ker(B, — N;B)

coker(Ak Up,a LB = Bk) =

R
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~ N, B
~ im(N,A - N;B)
= coker(N,A - NiB),

as desired. O

Remark 30: An additive category is an Ab-category (a.k.a. a preadditive category) with all finite
biproducts. An idempotent in a category C is an endomorphism e:b — b of x € ObC such thate c e =
e. A splitting of an idempotent e: b — b consists of maps s:a - b andr:b = a suchthatrcs = 1, and
sor = e (i.e., such that s is a section of the retraction r, and e is the retraction r follows by the section
s). An idempotent splits if there exists a splitting. An idempotent-complete category is a category in
which every idempotent splits. The Dold-Kan correspondence works with Ab replaced by an
idempotent-complete additive category C, and it even works with simplicial objects replaced by
cosimplicial objects. Hence, the results of this section work for an idempotent-complete additive
category C and have dual versions for the cosimplicial case. In particular, we will have occasion to use
the analogue of proposition 29 for cosimplicial objects in real vector spaces, which we state in
proposition 31.

Note that for a cosimplicial abelian group A, the Moore complex C,(A) of A is the cochain

complex of abelian groups
A,, n=>0

Cn(4) :{ 0, n<o0
with boundary maps 0: 4,, = A, 41 given by

n
2(0) = ) (~D'd* (o).
i=1
Here, d"** = A(8},,) is the ith face map. The analogue of N, (A4) is the subcomplex of C,(4) with

- (af);
N,,(A) = coker (EB?=1AH_1 — An>.

Proposition 31: Let A — B be a map of cosimplicial real vector spaces and k > 0. Then there is a
canonical isomorphism ker(A*¥ — M¥A Xk, B¥) = ker(N,A - NB).

§ Bousfield-Kan Formula

Definition 32: Let K be a simplicial set. The category of simplices Ay of K is the category of elements
of K. That is, the objects of Ak are pairs ([n], o), where [n] € Ob A and ¢ € K,,, and a morphism
([n], 0) = ([n'],¢") is a morphism f: [n] - [n'] such that K(f)(¢') = 0.

Remark 33: A k-simplex in N(Ag) is a diagram ([n,], ap) = -+ = ([ny], %) in Ag. In particular, for

each 0 < i < k, 0; is an n;-simplex of K, and K([n;] = [n;41]) takes g;,, to g;. Equivalently, for each
0<i<k,o;isamap A" - K and 0;,, © h([n;] = [n;+1]) = 0;, where h: A & sSet is the Yoneda
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embedding. That is, a k-simplex in N(Ag) corresponds to a commutative diagram of the following form
(modified from construction 11.9.9.2 in Kerodon).

ATLO Anl . e Ank_l Ank

oo o1 Ok—1 Ok

Definition 34: For a simplicial set K, the last vertex map A%: N(Ag) — K is defined as follows.
Consider a k-simplex T of N(Ag) given by a diagram ([n,], o) = -+ = ([ny], ;). Denote that ith map
by gii[ni] = [nj1] for0 < i < k.Foreach 0 <i <k, let f;: [n;] - [n,] be the composite [n;] —

- [ng] (so we take f, = 1p,)). Define f:[k] = [n,] by f(i) = fi(n;). If i <j,then f; = fjo g;_q ©

0 gi, 50 f(I) = fi(ny) = fj (gj_l ( (gi(ni)))) < f]( ) f(j), where we used that f; is monotone

and we necessarily have g;_4 ( (gi(nl-))) < n;. Hence, f is monotone. We define A% (1) =
K(f)(0y) € K.

Remark 35: In terms of the diagram in remark 33, f; is the map whose image under the Yoneda

. . h(f)
embedding is the composite A™ — --- — A", and A% (7) is the composite A¥ — A"« i

Notice that a 0-simplex of N(Ag) is simply an object ([ny], 0y) of Ag corresponding to a
simplex of K. In this case, fo = 1p,,}, and f: [0] — [n,] takes O to fy(n,) = ny. Hence,
AK(([nO , ao)) = K(f)(ay), or equivalently, AK(([nO], 00)) is the restriction of gy: A™ — K to the last
vertex A — A™ (the object of A™ corresponding to the map [0] = [n,] given by f, i.e., taking 0 to ng).
This explains the name “last vertex map.”

Construction 36: Let f,g: X - Y and f’, g’: Y — Z be functors between co-categories. Let h: X X Al —
Y be a natural transformation from f to g and h": Y X A' - Z be a natural transformation from f' to g'.
Let p: X X A' > A! be the projection. Then we get (h,p): X X Al > Y x Al. Let h’#h = h' o

(h,p): X x A* - Z.Then (h,p) o (1x X 01) = (h (1x X 07),p o (1x X 611)) =(f,01°l) =
(f,oielyof) =1y, 010ly)of =1y Xd1) o f,s0 (R #h) o (1x x 01) =R o (1y X d1) o f =f"o
f. Similarly, (h,p) o (14 X 3}) = (1, X 83) o g, so (h'#h) o (14 X 31) = g’ o g. Hence, h'#h is a
natural transformation from f' o fto g’ o g.

Notice that for a functor f X - Y between oo-categories, the composite X = X x A°

1an6 fl fl
—>XXA1—>YXA1—>YXA°—quualsfforee{01} 50 X X AT —25 ¥ x Al

1yxad
— 35 Y X A® = Y is a natural transformation from f to f. We denote this natural transformation by 1.
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Let f, g: X = Y be functors between co-categories and h: X X Al - Y be a natural transformation
from f to g. For an co-category Z and a functor f": Y — Z, we denote 1,/#h by f'h. For an oo-category
Z and a functor f': Z — X, we denote h#1; by hf".

Remark 37: Let X, Y be simplicial sets. Recall that Y* = Homgg,; (X X —,Y) o h. In particular, a 0-
simplex isamap X = X X A° > Y, and a 1-simplex is a map X X A! - Y. In particular, given functors
f,g9:X - Y, if we view f, g as objects of Y*, then a morphism f — g in Y¥ is amap X x A? > Y such

_ 1xx03 . .. o 1xx0g 1
that the restriction X = X X A —— X X A! - Y is f and the restriction X = X X A® —— X x Al\toY
is g. In particular, if X, Y are oo-categories, then a morphism f — g in Y¥ is exactly the same data as a
natural transformation from f to g.

Definition 38: Let F:C — D and G: D — C be functors between co-categories. Letn: 1o = G o F and
€: F o G = 14 be natural transformations. 17 and € are compatible up to homotopy if the following hold.
F F
i.  1g:F — F is a composition of F =F01G—ZFOGOFandFOGOF€—>1730F = F in D€,
G G
ii. 1;:G = G is a composition of G = 1COGZ->GOFOGandGOFOG—-E>601D =G in CP.
If n and € are compatible up to homotopy, then we say that F is left adjoint to G, or that G is right
adjoint to F, denoted F 4 G.

Lemma 39: Let C be a complete co-category and u: A — B be a map in sSet. Then the pullback map
u*: €8 — ¢4 (given by precomposing each n-simplex A X A" — C by u X 1,r) has a right adjoint
u,:C4 - CB, called the right Kan extension of u.

Definition 40: Let K be a simplicial set and E be a complete co-category. Let Ax be the category of
simplices of K, A%: N(Ag) — K be the last vertex map, and (A})*: EX — ENK) be the pullback map.
Let m: N(Ag) = N(A) be the image under the nerve of the forgetful functor Ay — A and m,: EN(K) —
EN® be the right Kan extension of 7. Given a functor p: K — E, the Bousfield-Kan transform is the
functor pp = m,((A)"(p)): N(A) > E.

Lemma 41 (Bousfield-Kan Formula): We have a canonical isomorphism lilr(n p = liin Pa-

Definition 42: Let K, E be simplicial sets and Ag be the category of simplices of K. A map D: N(Ag) —
E is flat if for every map f: ([n],0) = ([m], t) such that f: [n] - [m] is surjective, D(f) € E; is an
isomorphism.

Remark 43: The intuition here is that if the decomposition of 7 is (p, a: [m] - [p]) (so that p € K,, is

nondegenerate, « is surjective, and K(a)(p) = ) and f: ([n],0) - ([m],7) is a map in Ag such that
f:[n] - [m] is surjective, then (p, a o f) is the decomposition of o, so f identifies o as a degeneration
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of the same nondegenerate simplex as . We want to identify the images of such g, 7 in E up to
isomorphism, so we require such f to map to an isomorphism.

Proposition 44: Let K be a simplicial set and A5: N(Ag) — K be the last vertex map. Then for a
morphism p: ([ny], 09) = ([n4], 07) in Ag such that p(ny) = ny, A% takes p to an identity morphism in
K.

Proof. In the notation of definition 34, fo = p and f; = 1, 3, so f:[1] - [n,] is given by f(0) =
fo(ng) = p(ny) = ny and f(1) = f(ny) = ny. Then A} (p) = K(f)(0y). Notice that by remark 35, if
f:10] - [n,] is the function taking 0 to n,, then A}(([nl], 01)) = K(f)(al). Since f = f o 6, we have

that A% (p) = K(f © 60)(07) = K (09) (K(f)(al)) = Le(F)on = Lit(Gnalon)- O

Corollary 45: For any simplicial set K, the last vertex map A} is flat. Hence, for any simplicial set E
and morphism p: K — E, (1%)*(p): N(Ag) — E is flat.

Proof If f: ([n], 0) = ([m], t) is a map in Ay such that f: [n] - [m] is surjective, then A} (f) is an
identity, let alone an isomorphism. So Af; is flat, proving the first claim. The second claim follows
immediately from the first claim and the fact that any morphism of simplicial sets preserves
isomorphisms. O

Proposition 46: Let K be a simplicial set and E be a complete co-category. Let m: N(Ag) — N(A) be the
image under the nerve of the forgetful functor Ay — A and m,: EN@K) — EN®) be the right Kan
extension of 7. Let D: N(Ag) — E be a map of simplicial sets. If D is flat and K has dimension < d (i.e.,
for all n > d, every n-simplex of K is degenerate), then 7, (D): N(A) — E is d-truncated.

Corollary 47: Let K be a simplicial set, E be a complete co-category, and p: K — E be a map of
simplicial sets. If K has dimension < d, then p,: N(A) - E is d-truncated.

Proof. By corollary 45, (1%)*(p): N(Ag) — E is flat. By proposition 46, it follows that py =
7.((A%)*(p)) is d-truncated. O

Remark 48: It turns out that the Bousfield-Kan transform still works if E is not necessarily complete,
but has all finite products. The results in this section also work in this more general setting.

§ Cosimplicial Presentations
Definition 49: The co-category DSm and functor Sm — DSm are determined by the following
properties.
1.  Sm — DSm is a strict topological functor between perfect topological co-sites.
ii.  Sm — DSmis fully faithful and preserves finite products.
iii.  DSm has finite limits, and every object of DSm is locally isomorphic to a finite limit of smooth
manifolds.
iv.  |-|:DSm — Top preserves finite limits.
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v.  For any smooth manifold N, the corresponding object Hom(—, N) in Shv(DSm) topologically
preserves finite cosifted limits.

vi.  (Universal Property.) For every complete perfect topological co-site E, the co-category of
topological functors DSm — E preserving finite cosifted limits is equivalent via restriction to the
oo-category of topological functors Sm — E.

Theorem 50: (DSm, Sm — DSm) satisfying definition 49 exists.

Lemma 51: Any derived smooth manifold is locally the limit of a truncated cosimplicial smooth
manifold.

Proof. A derived smooth manifold is locally the limit of a finite diagram p: K — Sm. By the Bousfield-
Kan formula (lemma 41), p has the same limit as p,: A = Sm, which is truncated by corollary 47. O

Lemma 52: Any map of derived smooth manifolds is locally (induced by) a levelwise submersion
between truncated cosimplicial smooth manifolds.

Lemma 53: Let A — B be a map of simplicial vector spaces and k = 0. Then dim(ker(Ak Up,a LB -
By)) = dim(ker(NyA - NiB)).
Proof. By (the analogue for vector spaces of) proposition 29, dim(coker(Ak Upa LB — Bk)) =
dim(coker(N,A — N, B)). Notice that for a map f:V — W of vector spaces,
dim(ker(f)) = dim(V) — dim(im(f))
= dim(V) — (dim(W) — dim(coker(f)))
= dim(V) — dim(W) + dim(coker(f)).
In particular, to prove the claim, it suffices to show that
dim (A Uy, 4 LB) — dim(By) = dim(N;A4) — dim(N, B).
To see this, notice that by (the analogue for vector spaces of) lemma 28, dim(N,A4) = dim(4,) —
dim(L;A), and similarly for B. Hence, it suffices to show that
dim (A Uy, LB) = dim(4,) — dim(L,A) + dim(LyB).
This follows from the explicit description of the pushout Ay LI, 4 Ly B: it is the quotient of A, & Ly B
by the subspace {((LkA - A,)(a),— (L A - LkB)(a)) |a € LkA} = L,A.O

Corollary 54: Let A — B be a map of cosimplicial vector spaces and k > 0. Then dim(coker(Ak -
M¥A Xk, B¥)) = dim(coker(NyA — NiB)).

Proof. This isn’t, strictly speaking, a corollary of lemma 53, but we are noting that our claim follows, in
principle, by dualizing the argument there. O

Definition 55: Let P be a property of morphisms in a complete category C (or a category with enough

limits for the required matching maps to exist). A map A — B of cosimplicial objects is said to be Reedy
P if all the relative matching maps A¥ —» M*A Xk, B¥, k > 0, satisfy property P. (Similarly, A - B is
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said to be Reedy P in degree k if the kth relative matching map A*¥ - M*A Xk, B¥ satisfies property
P)

Proposition 56: A map A — B of cosimplicial vector spaces is levelwise surjective if and only if it is
Reedy surjective.

Proof. Let P be the class of surjective linear maps in the category of vector spaces. P certainly contains
isomorphisms and is stable under composition and direct sums. Suppose that we have a diagram as
below (taken from Cisinski’s book).

1x

TS

X — —— X

f f

-

«—
<«

Y% L>Y

\/’

ly

<

That is, f is a retract of g. Further, suppose that g is surjective, i.e., liesin P. Let y € Y. Since g is
surjective, there exists u € U such that g(u) = j(y). Let x = p(u). Then

fO) = flpw) = q(gW) = (i) = 1y =y.
Hence, f is surjective, i.e., lies in P. It follows that P is stable under retracts. By (the analogue for
cosimplicial vector spaces of) lemma 27, it follows that a map A — B of cosimplicial vector spaces is
levelwise surjective if and only if N,A — N,B is degreewise surjective. By corollary 54, the latter holds
if and only if A — B is Reedy surjective. O

Definition 57: Let * be the constant cosimplicial smooth manifold with value the singleton. A point of a
cosimplicial smooth manifold X is a morphism x:* — X of cosimplicial smooth manifolds.

Corollary 58: A map X — Y of cosimplicial smooth manifolds is levelwise submersive at a point x:x —
X if and only if it is Reedy submersive at x.

Lemma 59: Let X be a cosimplicial smooth manifold. Denote by * both the singleton and the constant
cosimplicial smooth manifold with value the singleton. The function taking a point * — X to the induced
(bona fide) point * — liinX is a bijection between points of X and (bona fide) points of liin X.

Proof. Let <1i£nX, (nn: lian - Xn) ) be the limit of X. Let * — lanX be a point ofliin X. Define *

nz0
— X to be the map of cosimplicial smooth manifolds such that at level n, it takes * to the image of * —

lian 3 X, Then * = X is the unique point of X that induces * — liin X.O
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Lemma 60: Let J be a finite category, F, G: ] — Top be functors, and n: F — G be a natural
transformation. Let 7: li}n F- li}n G be the induced map on limits. If 7; is an open embedding for all

Jj € ObJ, 1j is an open embedding.

Proof. Open embeddings are clearly stable under finite products, so it remains to show that open
embeddings are stable under equalizers. Let f,g: U = V and f', g': A = B be maps in Top, and let

n1:U = A,1n,:V = B be open embeddings such that g’ o1y =1, 0 gand f' eny =1, o f, i.e., such that
11, N, form a natural transformation 7 between the two diagrams of parallel maps). The equalizer of f, g
is the subspace E :={u € U | f(u) = g(w)} & U, while the equalizer of f’, g’ is the subspace E' :=
{aeA|f'(a) =g'(a)} o A. Leti]: E > E' be the restriction of 1, so that 7] is an open embedding.

Then the composite E LE oA equals the composite E & U Ba by definition. Compatibility with 7,
follows by naturality of n. Hence, 7] is the map on equalizers induced by 7, completing the proof. O

Construction 61: Let X be a cosimplicial smooth manifold. Let V¥ € X* be an open subset. For each
j=0,letU/ = ﬂf:[j]ﬁ[k](X(f))_l(V"). Then for each j > 0, U’ is a finite intersection of open subsets
of X¥, so it is an open subset of X*. Hence, we get cosimplicial smooth submanifold U and a levelwise
open embedding U & X. Let i > 0. Suppose that M'X exists in Sm. By lemma 60, the induced map
MU — M'X in Top is an open embedding. Hence, the topological space MU gets a smooth structure as
an open submanifold of M'X, and this clearly makes M'U the ith matching object of U in Sm.

By naturality of the ith matching map (or the universal property of the terminal object if i = 0),
we get a commutative square as below.

Ui Xi

M'U— M'X
In particular, U - M'U is the restriction of X' - M'X. Suppose that i > k. Let x € X*. Suppose that

the map X! - M'X takes x into M'U. This means that X([i] - [a])(x) € U for all a < i and [i] »
[a]. In particular, X ([i] > [k])(x) € U¥ < V* for any surjection [i] - [k], so x € (X([i] »

[k]))_l(Vk) C U'. Hence, the preimage of MU under X! - M'X is Ut. Now, let f: Z —» M'U and

. . f . . . .
g:Z — X' be smooth maps such that the composites Z - M'U < M'X and Z 5 Xt > MiX are equal.
Then by the foregoing, g maps into U?, so it restricts to a smooth map h: Z — U%, which is evidently the

. o .

unique map Z — U' such that the composite Z — U' & X' equals g. At the same time, the composite Z
ho . ho . .

— U' - M'U is the restriction of the map Z - U' - M'U & M'X, which by commutativity of the

ho . . ' . . f o
square above equals Z - U' & X' —» M'X, which equals Z 5 xio M'X, and hence equals Z - M'U &
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M'X by hypothesis. It follows that Z Lui s miy equals f. Hence, the commutative square above is a
pullback.

If X is n-truncated, then for i > n, the ith matching map X* — M'X is an isomorphism. By the
pullback square, it follows that U - MU is an isomorphism for i > max{n, k}, so that U is truncated.

Definition 62: Let U © X be a levelwise open embedding of cosimplicial spaces. U contains the
topological limit of X if every point * — X factors through U < X.

Remark 63: If U contains the topological limit of X, then liin U= liin X. This is because by lemma 60,
the map lign U- liin X induced by U < X is an open embedding, and by the correspondence in lemma

59, every point in lanX is a point in lign U, so liin U= liin X.

Proposition 64: Let X — Y be a map of cosimplicial smooth manifolds that is Reedy submersive at
every point of X. If X and Y are n-truncated, then there exists an n-truncated cosimplicial smooth
manifold U and a levelwise open embedding U < X such that the restriction U — Y is Reedy
submersive.

Proof. Notice that for k > n, by corollary 13, X* - M¥*X,Y* — MXY are diffeomorphisms, so

M*X X,y YE = M¥X and X* —» M*X = M*X Xk, Y* is a diffeomorphism, and hence certainly
submersive. That is, X — Y is already Reedy submersive in degrees > n. Suppose that X = Y is Reedy
submersive in degrees < k for some k > 0. We show that there is an n-truncated cosimplicial smooth
manifold U and a levelwise open embedding U < X such U contains the topological limit of X and the
restriction U — Y is Reedy submersive in degrees < k. If X = Y is Reedy submersive in degree k, then
we can just take U = X and 14: X — X. Suppose that X — Y is not Reedy submersive in degree k. Then
k < n by the foregoing. Let V¥ € X* be the open locus where the kth matching map X* —

M¥*X X,k Y¥ is submersive. Let U © X be defined as in construction 61. Fori > n >k, U' » M'U is
an isomorphism by the argument in construction 61, so by corollary 13, U is n-truncated. Clearly, U ©
X — Y is Reedy submersive in degrees < k. By induction, we get that there exists an n-truncated
cosimplicial smooth manifold U and a levelwise open embedding U < X such that U © X — Y is Reedy
submersive in degrees < n, and hence in all degrees by the argument at the beginning of this proof. O

Definition 65: Given a morphism X — Y in a category, the diagonal is the map X — X Xy X. Then nth
diagonal is the nth iterate of this construction, e.g., the second diagonal is X = X Xy, xX X. Given an
object X in a category with terminal object *, the nth diagonal of X is the nth diagonal of X — *.

Lemma 66: Given a map X — Y of truncated cosimplicial objects in a complete category C, the induced
map liinX - li&n Y has a factorization liinX =7y o ZyoZ 4= liin Y, where foreach 0 < i <

N, Z; > Z;_, is a pullback of the ith diagonal of the ith matching map X' - M'X X, Y'.
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Lemma 67: The diagonal of a pullback is a pullback of the diagonal. More precisely, given a pullback
square as on the left, the two squares on the right are both pullback squares (diagram from John’s notes).

X — Y X — X'xy X' —— Y’
L = | |
X —Y X — XXy X —Y

Theorem 68: Every map of derived smooth manifolds is locally a finite composition Zy = -+ = Z; =
Z_41,where foreach 0 < i < N, Z; — Z;_, is a pullback of the ith diagonal of R% for some integer a; >
0.

Proof. Every map of derived smooth manifolds is locally the map lign X - liin Y induced by a levelwise

submersion X — Y of truncated cosimplicial smooth manifolds by lemma 52. By corollary 58, X = Y is
Reedy submersive at every point of X. By proposition 64, there exists an n-truncated cosimplicial
smooth manifold U and a levelwise open embedding U < X such that the restriction U — Y is Reedy
submersive. So our map of derived smooth manifolds is locally the map lign U- liin Y induced by U —

Y. By lemma 66, we have that lign U- liin Y has a factorization liin U=Zy—> > Zy>7Z_ 4= liin Y,
where for each 0 < i < N, Z; - Z;_, is a pullback of the ith diagonal of the ith matching map U’ —
M'U X1, Y'. Since U > MU X,,i, Y is a submersion, it is locally the pullback of R% for some
integer a; = 0. (See construction 75.) Using lemma 67, the result follows. O

Definition 69: A cosimplicial vector space is minimal when the associated complex of vector spaces
given by the Dold-Kan correspondence has vanishing differential. A cosimplicial smooth manifold X is
minimal at a point x € X when the tangent cosimplicial vector space T, (X) is minimal. A levelwise
submersion X — Y of cosimplicial smooth manifolds is minimal at a point in x € X when the relative
tangent cosimplicial vector space T, (X /Y) is minimal. (Recall that given smooth submersion 7: E — B,
the relative tangent space ate € E is T,(E/B) = kerdn, € T,E.)

Construction 70: Fix k > 0. Let [Z[k +1] - Z[k]] be the 2-term complex with Z in degrees k and
k + 1 and the identity morphism between them. Then

K, ([z[k + 1] - Z[k]]) = Hom(N. (A" Z), [Z[k + 1] - Z[k]]).
Notice that a chain map N, (A", Z) — [Z [k +1] - Z[k]] is determined by its component on level k,

1
since the (k + 1)-component N, (A", Z) — Z equals the composite Ny, (A", Z) - Z > Z, and hence

)
equals the composite Ny ., (A", Z) = Ny (A", Z) — Z. Conversely, let fi: N, (A", Z) — Z be any
homomorphism, and let f; 4 1: Ny41 (A", Z) — Z be the induced homomorphism Ny, (A", Z)

F)
SN 7) BT Forj # k, let f; = 0:N;(A™) = 0. Then fieyq 09 = f 002 = f 00 = 0 = 3 o fiss
(where we use 0 to also denote the differential on [Z[k +1] - Z[k]]). It follows that we get a chain
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map f:N,(A", Z) - [Z[k +1] - Z[k]]. Hence, we get an isomorphism Hom(N* (Aa™, 7), [Z[k +1] -
Z[k]]) = Hom(N, (A", Z),Z). Since N, (A", Z) is a free abelian group, Hom(N, (A", Z), Z) = N, (A", Z).
Hence, Kn([Z [k +1] - Z[k]]) = N, (A", Z). In fact, we get an isomorphism of simplicial abelian
groups K([Z[k +1] - Z[k]]) = N, (h(—),Z), where h: A & sSet is the Yoneda embedding.

We can do this in the setting of real vector spaces as well, giving K ([R[k +1] - ]R[k]]) =
N, (h(-), R), where everything is defined analogously to the abelian group case. We define CX,,(A*) :=

N, (h(=), R). The dual cosimplicial vector space is denoted Ce" (A*). Note that it is a cosimplicial
vector space because taking duals reverses the direction of linear maps.

Lemma 71: liin CeM(A*) =  in DSm for all k > 0.

Definition 72: A map of truncated cosimplicial smooth manifolds X — Y is a an elementary derived
open embedding if it is a finite composition of maps A — B of one of the following two forms.

1. Alevelwise open embedding A — B.

ii.  Alevelwise submersive pullback

A

B

O , C}Sell(A*)

for some k > 0.

Remark 73: Sm — DSm preserves submersive pullbacks, and more generally finite transverse limits.
Since liin CeeU(A*) = «, it follows that the map lign A- liin B induced by a levelwise submersive

pullback A — B as in definition 72 is an isomorphism in DSm. It follows that an elementary open
embedding X — Y induces an open embedding lign X - liin Y in DSm.

Proposition 74: Let X — Y be a levelwise submersion of cosimplicial smooth manifolds such that X is
truncated. For every point x:* — X, there exists an elementary derived open embedding U — X and a lift
u:* = U such that the restriction U — Y is levelwise submersive and minimal at u.

Proof'idea. Every time we take a pullback of the form
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U > X

l l

0 > C}({:ell (A*)

(where we have an injective chain map [R[k +1] - [R[k]] — N,T;(X/Y)), we get that the rank of the
differential of N,T,.(U/Y) is one less than the rank of the differential of N,T,.(X/Y). We iterate this
construction. O

§ Minimal Amplitude Factorization

Construction 75: Let M — N be a smooth submersion between (ordinary) smooth manifolds. Let m =
dim M ,n = dim N. Then by the rank theorem (theorem 4.12 in Lee’s book), this map is locally the map
R™™ — R" given by (xy, ..., x™*™) = (xy, ..., x™). This is the pullback of R™ — * along R™ — .

We can say a little more. The vertical tangent space T,,(M/N) at a point x € M agrees with the
vertical tangent space Ty (R™*™ /R"™) of the projection R™*™ — R™. The projection is linear, so it equals
its Jacobian, and in particular, the kernel of its Jacobian is To(R"*™ /R™) = R™. Hence, M — N is
locally, near x € M, a pullback of T,(M/N) — *.

Definition 76: Let | S Z,,. A morphism of derived smooth manifolds has amplitude € I if it is locally a
finite composition of maps each of which is a pullback of the ith diagonal of R for some i € I. A
morphism of derived smooth manifolds is a submersion if it has amplitude 0, i.e., if it is locally a
pullback of R* — * for some a > 0.

Definition 77: Let p: X — Y be an inner fibration. A morphism f: A - X is p-cocartesian if for all n >
2, any lifting problem of the form (diagram from Land’s book)

f

AL AR S X

A" —— Y

admits a solution. f is then called a p-cocartesian lift of p(f).

Definition 78: An inner fibration p: X — Y is a cocartesian fibration if every lifting problem (diagram
from Land’s book)

18/25



Minimal Amplitude Factorization (Full Notes)

0} — X

Y
Y
7
Y
7
Y
'

Al — Y

admits a solution which is a p-cocartesian morphism in X.

Theorem 79 (Straightening-Unstraightening Equivalence): Let Cat,, be the co-category of (small)
co-categories, i.e., the homotopy-coherent nerve of the 1-category of co-categories (as a full subcategory
of sSet), or equivalently, the localization of the nerve of sSet by the weak equivalences in the Joyal
model structure. Let C be an co-category and CoCart(C) be the co-category of cocartesian fibrations
with codomain C, i.e., the subcategory of the slice (Cat,,) o whose objects are cocartesian fibrations
and whose morphisms are maps f: € = £’ between domains of cocartesian fibrations p: € - C,p": &’ —
C such that p’ o f = p and f sends p-cocartesian morphisms to p-cocartesian morphisms. Then there is
an equivalence of oo-categories CoCart(C) = Fun(C, Cat,), where Fun(C, Cat,,) = (Cat.,)C.

Definition 80: Vect x Sm is the category whose objects are pairs (X, V), where X is a smooth manifold
and V — X is a smooth vector bundle, and whose morphisms (X,V) — (Y, W) are smooth bundle
homomorphisms.

Definition 81: Let Perf=%:DSm — Cat,, be the functor taking each derived smooth manifold to its co-
category of perfect complexes, the sheafified co-category of complexes of vector bundles supported in
nonnegative cohomological degree. Let Perf=° x DSm — DSm be the corresponding cocartesian
fibrations. The tangent complex functors is the section T: DSm — Perf=° x DSm extending T: Sm —
Vect x Sm & Perf=° x DSm by taking limits. That is, it is the section T: DSm — Perf=° x DSm that
preserves finite limits and makes the diagram below (taken from John’s notes) commute.

Vect x Sm —— Perf=Y x DSm
(] (]
Sm > DSm

In particular, to each derived smooth manifold X, the tangent complex functor T associates and object
TX of Perf3°(X).

Remark 82: The intuition from algebraic geometry still works here: a perfect complex is locally a
bounded complex of vector bundles. Intuitively, Per 2% x DSm corresponds to the usual Grothendieck
construction, so its objects are pairs (X, A), where X is a derived smooth manifold and A is a perfect
complex on X.
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Let C be a topological oo-site with finite products and DC be the corresponding derived oco-site.
For any complete perfect topological co-site E, restriction along € — DC induces an equivalence
between the oo-category of topological functors C — E that preserve finite products and topological
functors DC — E that preserve finite limits. Hence, since T: Sm — Vect < Sm & Perf=° x DSm
preserves finite products, the extension T: DSm — Perf=° x DSm exists and is unique up to
contractible choice.

The point is really that Perf=° X DSm accepts finite limits. In particular, for a finite diagram
p: K = Sm with limit li,?l p in DSm, the tangent complex of lilr(n p at a point x is the limit lilr(n T,p in
K3=°(Vect) (the oo-category of complexes of real vector spaces supported in nonnegative cohomological
degrees). For a cosimplicial object p: A — Sm, this means that the tangent complex of lign p at a point x

is lign T.p = N.T,P.

Definition 83: For any map f: X — Y of derived smooth manifolds, the relative tangent complex Ty /y =
T(X/Y) is the following pullback (taken from John’s notes) in Perf=°(X).

Tx/y — TX

|

0 — f*TY
Thatis, T(X/Y) = [TX - f*TY[-1]].

Theorem 84 (Minimal Amplitude Factorization): Every map A — B of derived smooth manifolds is,
locally near a point x € X, a finite composition Zy — -+ = Z, = Z_; in which each Z; — Z;_; is locally
a pullback of the ith diagonal of T}(4/B), the ith cohomology of the complex T, (4/B).
Proof. Combining lemma 52, proposition 64, and proposition 74, we get that any map A — B of derived
smooth manifolds is locally, near a point x € A, the map f: lanX - lign Y induced by amap f: X - Y of
cosimplicial smooth manifolds that is minimal at x, levelwise submersive, and Reedy submersive. By
lemma 66, we have that lian - liin Y has a factorization liinX =Zy—>o Ly 71 4= liin Y,
where for each 0 < i < N, Z; - Z;_, is a pullback of the ith diagonal of the ith matching map X' -
M'X X,,i, Y'. Since X > Y is Reedy submersive, X' - M'X X, Y' is submersive, so by construction
75, it is locally the pullback of T, (X ¢ / (M IX x Miy Yi)) — *. Using lemma 67, the result follows with
T.(X'/(M'X X, Y?)) in place of T£(A/B).

It remains to identify T, (X'/(M'X X i, Y*)) with T{(A/B). T, (X'/(M'X X, Y?)) is the
kernel of the ith matching map of T, X — T¢(,)Y. (As John remarks, in our case, the pullbacks involved
in the construction of the matching maps, as in lemma 16, involve submersive maps, so they are

preserved under taking tangent spaces.) By proposition 31, this kernel can be identified with the kernel
of N.T, X — N.Tr)Y in degree i. Since X — Y is minimal, the kernel of N, T, X — N.Tr)Y has
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vanishing differential, so the desired kernel equals H* of the kernel of N,T,,X — N, Tr(x)Y, and hence H ‘
of the pullback of N, T, X = N,Ty,»Y along 0 = N,Ty\Y (i.e., [N*TXX - N*Tf(x)Y[—l]]). This is H! of

the pullback of lim T,.X — lim Ty Y along 0 — lim Ty Y (i.c. [lign T X > (1i£n Tf(x)y) [—1]]), which
is exactly T{(A/B). O

§ Derived Zero Sets
Definition 85: Smooth maps f: X — Z and g: Y — Z between smooth manifolds are transverse if for all
x € X and y € Y such that f(x) = z = g(y), im(df,) + im(dgy) =T,Z.

Lemma 86: Suppose that f: X — Z and g:Y — Z are transverse smooth functions between smooth
manifolds. Then the pullback of (f, g) is given by E = {(x,y) € X XY | f(x) = g(y)} with the
restrictions of the projections from X X ¥ to X and Y. Further, Ty, E = {(v, W) € Tiyp) (X X
Y) | df(v) = dg,(w)}.
Proof. Let A € Z X Z be the diagonal, which is an embedded submanifold by proposition 5.4 in Lee’s
book. Notice that f X g: X XY = Z X Z is a smooth map. Suppose that f(x) = z = g(y) forx € X and
y€EVY, ie, (f xg)(x,y) = (z,2) €A Clearly, imd(f X g)(x,) = imdf, ®imdg, ET,ZDT,Z =
Tz2)(Z X Z). Also, since the embedding Z © Z X Z of Z as A has both components given by 1, we see
that T, ,)A is the diagonal in T(, ,(Z X Z). Let (v,w) € T,Z @ T,Z. Then since f, g are transverse, we
have decompositions v = v; + v, and w = w; + w,, where v, w; € imdf, and v, w, € imdg,,. In
particular,

v=v+v,+w, —w; =W —wy) + (v, +wy)

wW=w;+w, +0, —v, = (W, —vy) + (v, +wy),
)

w,w) = (v; —wy,wy — V) + (v, + Wy, v, + wy) €imdf, @ imdg, + T, A

=imd(f X g)xy) + Tz
Hence, f X g is transverse to A, so by theorem 6.30 in Lee’s book, (f X g)~*(A) = E is an embedded
submanifold of X X Y. Further, a smooth curve in X X Y beginning at (x,y) € E lies in E if and only if
it maps under f X g into A, so that its velocity vector maps into T, ,A for z = f(x) = g(y). Hence, for
(x,y) € E, letting z = f(x) = g(y), we have using proposition 5.35 in Lee’s book that T, ,)E =

(d(f X g)(x,y))_l(T(z,z)A) = {(U, W) € T(x,y)(X X Y) | dfx(v) = dgy(W)} O

Construction 87: Notice that for each k > 0,
C$eN(A*) = Ny (A%, R) = R{nondegenerate 0 — simplices of A¥} = R{objects of Ak} = R¥*1,
Further, C$®!'(A*) takes a map [k] — [£] in A to N, (Ak - A, R), which is the map
Rfobjects of A¥} > R{objects of A}
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induced by taking the objects of A¥ to their image under A* — A’ That is, C{®!'(A*) takes a map [k] —
[£] to a map RF — R that identifies the copies of R in R¥ with some copies of R in R in a
(nonstrictly) order-preserving way. For example, C§®!!(A*) takes the function &1:[0] — [1] to the
function R — R? embedding R as the first copy of R in R?, while C§®!!(A*) takes the function o: [1] -
[0] to the function R? - R given by (x,y) = x + y.

Let R denote the constant cosimplicial smooth manifold with value R. Then we have a map
%: CSe(A*) - R of cosimplicial smooth manifolds, where the ith component is the image under
c$e(AY) of [i] = [0], i.e., is the function Z;: Ri*1 — R given by (xq, ..., Xj41) & X1 + - + X;41. By
taking limits, this induces the map 0:* — R corresponding to the point 0 € R.

Fix i > 0. Let M be a smooth manifold and s: M — R be smooth. Since Z;: Ri*! - R is
submersive, the pullback of s and X; exists and is given by the embedded submanifold E; =
{(p,x) € M x R | s(p) = £;(x)} of M x Ri** together with the restrictions of the projections to M

and R“™*1. %, (x) = x; + - + x;,1, so we see that the condition for (p, x) to belong to E; is that x; =

s(p) — (x5 + =** + x;41). In particular, we have a diffeomorphism M X R! - E; given by
P, x4, .., x1) & (p,s(p) — (x5 + -+ x;), X4, ..., x;). Hence, we have that M x R’ is a pullback of s and
%; when equipped with the map (1;);: M X R = M given by the projection and the map
(my)i: M X Rt - R given by (p, X1, ..., x;) = (s(p) — (x5 + = + x;), X1, o0, X;).

Let M be a smooth manifold, considered also as a constant cosimplicial smooth manifold with
value R, and let s: M — R be a smooth map, also considered as a map between constant cosimplicial

smooth manifolds. Let’s consider the pullback (M Xg CSN(AY), 1 M X C§EN(A*) -
M,y M xg C$EN(AY) - Cge“(A*)) of (s,XZ) in Sm®. By the foregoing, for each i > 0, the ith fiber of

M xg CS"(A*) is M x R! and the ith component of 7, is (1.); as defined above, for € = 1,2. Let’s
determine the image of a few morphisms in A under M Xy C$®!'(A*). Clearly, naturality of 7r; ensures
that the M-component of the image of any morphism in A under M X C§"'(A*) is the projection onto

M. Consider the map 81: [0] = [1] in A taking O to 0. We know that (1,); © (M XR Cge“(A*)) (6 =
Cse(A")(61) o (m;)o. Forp € M,

CseM(A) (61 ((m2)0 () = €5 (A (D (s(@)) = (s(), 0),
while if (M g CSeN (A*)) (6H)(p) = (p, x), then

(m)s (M % C51@N) GH®)) = (120 ) = () = %,),
so that x = 0. In particular, (M XR Cge“(A*)) (61):M > M X R is the map p ~ (p, 0). Now, consider
the map 62:[0] — [1] in A taking 0 to 1. We know that (7r,); © (M XR Cge"(A*)) 6H =
Cse"'(A")(84) o (m2)o. Forp € M,

Cs A E)((m)o®)) = C5 W) @E)(s(P)) = (0.5()),
while if (M xg C§1(87) ) (5))(®) = (p, ), then
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(s (M % C51@N) GH®)) = (120 ) = () = %,),
so that x = s(p). In particular, (M XR Cge“(A*)) (6H):M > M x Risthemapp (p,s(p)). We can

similarly reason more maps, giving a partial picture of M Xy C§®"(A*) (showing only the images of the
maps [i] = [i + 1] for i = 0) as below (taken from John’s notes).

(p,s(p),,y,2)

(p,s(p),x,y) (pyz,2,y,2)
(p,s(p),z) (p,,,y) (Pyz,Y,Y,2)
(p,s(p)) (p,z,x) (p,z,y,y) (p,x,Y,2,2)

MY xR 220

M % R2 (pawayp) M % R?) (p,a:,y,z,O) .

Lemma 88 (Hadamard’s Lemma): If a smooth function f: R X R™ — R vanishes on 0 X R", then f
has the form x - g(x, y4, ..., ¥,) for some smooth function g.

Corollary 89: Let M be a smooth manifold. If a smooth function f: R X M — R vanishes on 0 X M,
then f has the form x - g(x, p) for some smooth function g.

Construction 90: We continue considering the situation in construction 87. Consider the simplicial
abelian group C* (M XR Cge“(A*)) of smooth functions. A 1-simplex is a smooth functionr: M X R —

R. Define f: M — R by f(p) = r(p,0). Then f is smooth and r(p, x) — f(p) vanishes on M X 0, so by
corollary 89, r(p,x) — f(p) = x - r'(p, x) for some smooth function r’, i.e., r(p,x) = f(p) + x -

r'(p, x). Define g:M - R by g(p) = 1'(p, s(p)). Then g is smooth and r'(p, x + s(p)) — g(p)
vanishes on M X 0, so r’(p, x+ s(p)) — g(p) = x - h(p, x) for some smooth function h, i.e., r'(p,x) =

9®) + (x = s(p)) - h(p, x). Hence, r(p,x) = f(p) +x - (9(0) + (x = s()) - h(p,x) ). The
restriction of r along (M X C(‘,:e“(A*)) (61)isro (p ~ (p,0)) = f, while the restriction of r along
(M xg c§2M ") () isTo (p = (p,5@))) = (p = f®) + (D) - ) = f +5 - g. Hence, two 0-
simplices of C (M XR Cge“(A*)) are connected by a 1-simplex if and only if they are congruent

modulo s.
Lemma 91: Every simplicial group is a Kan complex.

Definition 92: Let (X, x) be a pointed Kan complex, i.e., a Kan complex X together with a distinguished
object x. Let g, 7: A™ — X be maps of simplicial sets such that o|3an = T|gan is the constant map dA™ —

{x} o X (ie., A" - A° 5x ). 0, T are homotopic if there exists a homotopy h: A X A" — X such that
hlioyxan = 0, hlg1y3xan = T, and h|p1,5an is the constant map with value x. 7, (X, x) is the set of
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homotopy classes of maps A™ — X whose restriction to dA™ is the constant map with value x. We denote
the homotopy class of o: A™ — X such that o|5,n is the constant map with value x by [o].

Remark 93: For a map 0: A° - X, the condition that o0 is the constant map with value x holds
vacuously, as dA° = @. Further, for maps o, 7: A° - X, a homotopy from o to 7 is simply a map h: A -
X such that h|¢p; = o and h|(;y = 7, for the condition that h[a1,5,0 is the constant map with value x
holds vacuously. Hence, maps o, 7: A° — X are homotopic if and only if they are connected by a
morphism in X. That is, , (X, x) is the quotient of the set of objects in X by the equivalence relation of
being connected by a morphism in X. Notice that this is independent of x, so we can simply write

o (X).

Theorem 94: Let (X, x) be a pointed Kan complex and n = 1. Then there is a unique group structure on
m, (X, x) with the following two properties.
i. Lete:A"™ — {x} & X be the constant map. Then [e] is the identity element of 7, (X, x).

ii. Letf: A" — X be a map of simplicial sets corresponding to a tuple (g, ..., 0p41) of n-
simplices of X such that g;|5,n is the constant map with value x forall 0 < i <n + 1. Then f
extends to a map A™*! - X if and only if

[00] 2 [o11[02] 2 [05] -+ [07041] D" = [e].

For n > 2, with this group structure, 1,, (X, x) is abelian.

Construction 95: By lemma 91, C* (M Xg CSe! (A*)) is a Kan complex, so we can consider its

homotopy groups. By construction 90, 1, <C @ (M XR Cge“(A*))) = C*(M)/s is the quotient of
C® (M) by congruence modulo s. Suppose that the topological zero set s~1(0) has empty interior in M.
Then 1, (C°° (M XR Cge”(A*)) , 0) = 0 for all k > 1, where the distinguished object 0 of

c” (M XR Cge“(A*)) is the constant zero map M — R. To see this, let g: A - C® (M XR C(‘fe“(A*)) be
such that |4,k is the constant map with value 0 (the zero map M — R, that is). Then o corresponds to a
smooth function F: M X R¥ — R such that the restrictions
F(p,s(®), y1, ) Yk-1)
F(0,y1, Y1)+ Yi-1)

FD, Y1, 2 Y0 Yir oo r Yi—1)

F(p,y1) ) V-1 Yie-1)
F(p,y1, ) Yk-1,0)
all vanish. By corollary 89, the last condition shows that F(p, x4, ..., X)) = x;G(p, X4, ..., X)) for some
smooth function G: M X R¥ — R. Consider the smooth function M X R¥*! - R given by
(P, 21, o Zky1) = 2k — Zk+1)G (D, 24, ..., Zx). This is a (k + 1)-simplex. Setting z;,, = 0 gives F, so
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the face given by the restriction to {z;,; = 0} is o. By theorem 94(ii), to show that [o] = [e], it suffices
to show that the restriction of our (k + 1)-simplex to every other face is the constant map with value 0.
In particular, it suffices to show that the restrictions
G0, s(P), Y1, s Yie-1)
G, Y1 Y10 s Vie-1)

G, Y1 s Yir Vir oo s Yi—1)

G, Y1, s V-1, Yi—1)
all vanish. We know by hypothesis that the restrictions of F to the same domain vanish. Since

F(p,xq, ..., x) = x,G(p, x4, ..., X ), €ach of the restrictions vanish whenever the last component of the
pullback map is nonzero. (By the pullback maps, we mean (p, ¥y, ..., Vk—1) = (0, S(P), V1) e+0» Vie—1),
®, V1) - Ye-1) » (0, Y1, Y1, > Yk—1), €tc.) By continuity of G, then, it suffices to show that the
preimage of {x;, = 0} under each pullback map has empty interior. For all k > 2, this preimage under
each pullback map is {y,_, = 0}, which certainly has empty interior. For k = 1, the only relevant
pullback map is p = (p,s(p)), and the preimage of {x; = 0} under this map is s7(0), which has
empty interior by hypothesis. Hence, [g] = [e]. Since o was arbitrary, we have that

T (C°° (M X g Cge“(A*)) , 0) = 0, as desired.

Proposition 96: Let M be a smooth manifold and s: M — R be a smooth map such that the topological
zero set has empty interior in M. Let s~1(0) be the derived zero set, i.e., the pullback of s: M — R and
0:x — R in DSm. Then the sheaf ;%1 ;) of smooth real-valued functions on s71(0) is the quotient Cy; /s
of the sheaf C,; of smooth real-valued functions on M by the relation of congruence modulo s.
Proof. By lemma 71, liin C§e(A*) = * in DSm. Hence,

571(0) = M xg * = M X lim C§(4") = lim (M Xg cge“(A*)).
We get (using that M Xg C$€'(A*) is a truncated cosimplicial smooth manifold because C§¢"'(A*) is a
truncated cosimplicial smooth manifold) that

C;gl(o) = CglolgII C;IOXRC(():eH(A*) Is—l(o).

Note that the colimit functor sSet — Spc just regards a simplicial set as a space. In particular, the
ordinary colimit functor sSet — Set agrees with 1, and our version is analogous but involving the
higher homotopy groups. Construction 95 shows that C*(s~1(0)) = C*(M)/s. We can similarly apply
that construction to open submanifolds of M, giving the result. O
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