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John: NainedMobli spaces [Bayr
,
Talk1)

of Pseudo-holaophiures
-

Let X be an almost complex wfl 3 :TX -+X JE-1
.

& is a Rienean surface U: C-X2-holonomic
- du :TS->TX is K-linear

L
elliptic

This is a non-lined PDE.

Hol(C
,
X) = 42 : C-X/2-u-holomophic

Questions what sort of object is Hol)(X) ?-

(Assume that < is comment].



@msicalfacts/structure : Stasums C compant

Hol((X) is a topological space
Jes- convergence = C"-convergence k = C-convergene)

①Let Het (
,
X14 < Hel(

,
X) br theularlocus

-

t excQu*TX)
C

las
↓ ums(du)

He e =
(C

,
X)

where

Cutecustsection
defined via forma linearization :

↑ Lot u:C1X can be "finally livemized" as follows

In : en,TX)*TTX)
surjectivegularity ofe



-jective: ey-they on C*
-X SideellticitytafirC

-=

-
- I I

Hi- ys
-

Asicedresult : Hel)CX29smooth manifold.

(F a stu-c)

② Hol(C
,
X) has local charts : locally it's of the form

Hol(C
,
X) 4 s10) S : M - E E-

locally
"infinities cancel out because of s"1 MTs
ellipticity"



"Colerance problem" : hom to relate different such local charts
Reconfor the problem: additional homotopical colurences me have

to satisfy when patching up.

-nitiesoflinea ellipticoperas:

Q E
,
F/Q v

.
bundles

↓ LiE-F(c*

(Q
,
E) - eQF))

3M -only involves "derivatives
vertical elliptic up-2 in the verticaldiz

.

"

-
-

& If L is filerwise surjective => kas I can be equipment us a stu-e

of a rector bundle on
M.

hgara her LI cok h vary very badly on M.

They frm the wh of a 2-tem complex of v.
Our

.

on M La Kietu))
o + (11 - EXF- wh(L) + 0



In K(Vetp) an object loaly is of the form

= -
- V

-1 svo-)- ...

and Hou (V9WG) is the dynapping complex (i . e. it's m -cert)

tena smooth manifold
-

Def : Sttopological site "is"a cost of top. Spaces /extra structure
T

of local nature. /discrete

happing spaces of cost. maps

Su-smooth nanfolds

DSn-derived smooth manfalls is a topological 0-site.

#xions :
1 Su- & Su f - f- top - f-2 > presences fin products
= &Sm has all finite limits 1 . 1 :0Sm- Top preserves then

= F smooth-fIIN any finite cosittul limited in&Su



Hom (lim Mas /) E colim Hom (Ma
,

N)
↑ X

or shewes on / McI

SuceiSm farmally aljoins all finite limits mubule preserving
finate products or top-

Co-sites.
-

Representable functors :
-

=Fee
C Hon (

,
c)

If Co-> Set is a preshoot we can ok if it's of the for

are Hom(d,
c) for someC



If so
,

a isunique supto a contractible choice) givenF.

Explai Top op - Set

X no setof families of consent Riena surfers over X

~/ files having no antiholonaphics.

Modi factors -Solomoshipt
z - (((,X)= (n : zx6+ X

213.. ) is 2-hol Ezez]
The: The functor Smir-Set

z -> [21 :Ex[-X) U13 ,) isn-hal .
13 representable & regular

3
--



Fie-St /@LF Repeating object = final object of CF)

Theore : The following functor is representable

OSno-Sps # : J naps in8Su

u :zx(- X Z-IR of all its of

Z ↳ [T
,
11)"":xStFOTX Z to

,
but it besn't

E
-,(

U2)= fantas though **R.

Hom (Exc, F TX) over M
.

R/1T H (CX]si canonically identified my the analytic

target complex



#2 : Classical diftop 2/ derivedwfils :

- Iwesse/Implicit fu thu:

Streep in &Se is a
local iso of if inlues on iso

RICIR)<33 63 = If
w

[r(1) <5 > 03 = 2xdx

Z
Coxz -[
2 &

zjB



Lar : Shiptical theygalicatends.

⑦ Elliptic operator h= & <
,
(x)** E-F .

kl=m

Ellipticity means that 3r &<(3
% Elso (EJF) for30.

k=m

·shad iaa

What's left is a cylinder : M-K E(00XGM



EedholmFairyE :

Non-linea elliptic PDE

-#= 0

1)= x
M =S u :

M-X :Fcul =03 no linemise F to get (= live
elliptic

If M were closed > LisFredholm. operator.

L :X-rY betwen Bonah spaces

of Fedhoth were col I
,
beh are fil . Veter space.

Seli Rescue Fredholmness in cylistical ends.

&an : Investibility of L"outside comment sets"



I : If hishical on
IRXN

( . e
. expression L = 2 (45 & is translation invariant)

k+jsu t

We can Famil tracfon LSty to invet" inFomier coordinates?

- &,j((isD frER chudvaiables

Example : on IR L= if + a at karting on K-valued fur=

on IR
.

us FormTinfiiz +a) F = &

LiHCIR) - L(IR)

Ley: If a f IR F (3)=



Storyclosed unfle

2 = [C
,
(x)* bounded onSobden spaces.

klm

H (M
,

E) =o HS-m(MiF)
I

HSSIR") =

= 4f :0cfeL(IR") /KISS3
Open cover : (C :: 10:1)">Mi = M3

Ye-

Partition of unity 44 :3 114145 = (51 ( ,2)/InsCRY(
Fats : For Lelliptic ,

7 "inverse Q : HS
-m
> HS

-

paraetrix-
-

Sit
.
111- QLISG11 · PS-NN

111-2Q11 : C'1 · 1s -N



Fat : dentratives us becay
desinatives -day - Golden

Collary:Eliptic estimate
11211

,
< Court (IILulls-m+ Kulls-n)
ale-Q)use the -inequality

② Elliptic regularity :

If Lue +-m = netS fu L ofides m.

When M ispet HS> HS-N is a comment op2.-

1)D-QL)all
s
< coretlithills

- N

Semi-Fredholm Comma. If wehave amap T:X - Y is a map bother
-

Banach Spaces K : X-Z is comment :IUysClTelly + IlkvIz)



Then best is fid I but is closed.

Proposition: If Mhas cylindrical ends ,
and his "asymptotically mglichical"-

elliptic is elliptic far out in the ends.

Ro
-

#y wallcutler
- 1244(m))

M
Roof ichen; R

=>
Ki



Can invert Ye
,

2 HS

u
11Bull. -

YuyauPrehears
,SewerStajuction

1 - cat Youeda :

-

e- Sate
3 - How

,
C

,

ch is fully faithful.

Def : SesSet
,
PCS) =Fun (S

· Spa) = "pushes over
Si

NsKaul

Alternative flation :

def: Amorphism fix-- S in Set is a night fibration if it satisfies
the "right lifting property" i. e

. fo innes ico; n) night in horn.



E
-

A - S

Straightening/Mustnightening :

Gives a correspondence between right fituations & preshreaves :

Fu (5% ; Spal As Right fitations/S
- -categorical Youd Lemma:

S - Fun (SP; Spc) is fully futhful
# Adjunctions & kan extensions
Defi
-

Start from a pain of functores :
C

~ : ide = G-F( :F - G= ide -



These things areupatibleupto homotoms if

Foide↳it idjogGailil - / 7·Y
E FoGoF yo iG GoFoG
If the above is satisfied (D'les commute

up
tohfr

-

M is the unit
-

- C is the quit

- F is aefaljoint
,

G is anightaljoit ,
(F+2)

- Left adjoint => preserves small volimits
#

Im preventable cate&

- Right alont - presences small limits
2

If Dr arts)



② Adjoints are unique up to a contractable choice.

(: Fund(e,01 Fun
*
(0 ,
e): (2

#extensionahous wayCoe
F8 C

·
pate(e,
a -F-(e0

(p
+j = LkEp

(pa)R = RkE
p



↳ Reflectivesubcategories
&

Lef It reflective subaut. CD is a eat .

Sit
.
(i) exists.

Enh:
reflective St B effective

F()eG(B) < A = Fly :=B :Gi
E: I sheaves on a topological space)

Open(X)0-> Spa-apreheat
F

A sheet is a colimit presening fr present.

Rnh: we extent this to sites ,
i. e, categories equipped -> a coverage/

Grotherlieh topology .



&: A stratification for is a left aljoint to the inclusi
Sh(e

,
5) Pe).

Rahforwards : fix -> Y in Top fx : Shu(X) -> Shu (4)
4

# fef sit
Sec sheave to shaver. fF(u) =

Thellbac : f* Sh(4)-> Sh(X)
= I(f-(x)) .

11 2 colim F(V) un aljuration (f+ fx)
f(n) adjunction semente

** preserves
the sheet condition



# Pesheaves as cocompletions

[t :
h =e - Is
=completionif 1) has small colimits

2) If ED "Small colimits
8Fu

,
0)=Fun(2

,
0)

V S
preserve small

volimits

The TheYoda embedding is a rocompletion.



Sunny .

Foundationsof

X
,
YcZ

XnY-Y inSe of X-2t Yet15 ↓
⑦ Sm is a full subert. of C

X - z
② F of fibre products
③ X

,
Y ↳ Su

,
XhY

XY in e

Il

XnY in Su



If :
Lett to an -ut

.
~ 1 . 1 :C-Top

An open enbeing is a maghism which is exterio over open end inTop
.

That is :
- Y -X in 2

9

ufX 121 Ef ,x

/ ↳+ 191
141

7!T st
.

In = h

①An open cover of XCC is a collection of over enladdings sit . they are

embablings on
themiluying topological spaces.

-> will give
the rat.C a Grothonliah topology.



Ref : Stopological -site is a pain (C,
1 . 1 :C-Top) which has all over

embechlings .

If : Given Co-cut C
,
P(C) =Fm(2

,
Spe) C is subconomical if

everyale preskeof is a cloaf.

= representable

how ( - ,
x)

Lef: Sttopological C-site is perfect if t lifting problem
sanlift S-> preme .

-- Axiomatizing south .

(the objectsof
covering

SieveLet . Care toologie spauextratee
Gue

SPadel * Zanaphis VES .



*f : 0 : -Spe is sifted it colin :Funl]
,
e) -+C countes -

J final presents

3, jx] shallbe infiel
,
J %. The]usifted

EJ = #
, J-wittered (E)J

%
is fitted

def: &Sm v/ Suc4Sm

(1) Sm-JSu is a strictorf
(2) Su--Su is fully faithful s preserver first reducts.

(3) DSu Los finite limits a every obj is lea
.
- to a fin lin.of smooth.

Her
(4) 1 . 1 : &Sue Top presences finite limite.

(5) HoSublim Ma,N) = clieHow(Ma ,

N as shendon

Q

lenMal &
fir·u

Hors(ligMa , ein Np) = lin clic Pros!



(6)Mintt top -sife tha-rt , oftop.e

&Sm ->E is equir to the C-cut . of top f-2s SurE.

Sen : Ary desired wfld is
,
limit oflerived smooth wffls.

locally a

Roof. Atrious locally this is a limit of finite diagram

↓ we can cosiffize vic the Ektanfor

list of truncated cosimplicial witle.

tr 2x7 = linx EHEMAZ
B

-f
X - E locally a noghism in OSm is a

bodwise subvention

of cosimplicialfile.



Seaz : Sure Su presents finite transverse limits.

Proof : Ifue fix a fir transmese diaguen -:- -> Su
-

linD ESu ↓ simplicial infle
Xa

Stssume Xiuninal
,
i. e. TX isminhal (RHT), i. e.

DK#X) has twin diff

X is then ↓
,
i. e. DK (TxX') i commentratedlye

B

StoudeX've can take I around st watching wap

hi - M2
Guilt from an information

zonorphism.

=> It' is content -HESu =S Lin* Sm.



S--tS presents
the limit by Axious .

B

HopinCo-schemes :

Coping := GF : Eve - Set 1 F is product mesening

Sure
- A 20-ringed stare (X ,Ox) is a for spen 2/ a shop of20-wigh
It's lol of O one local zings.

(Ireside field IR)
X,

- 20-shone : covered by office Co-schemes

MicIn) = Spec Su



↓ Set F :=Fun(EvePsSet) has a mold structures t.

as We are objective
(f) Fitrums is objective + coul F(mx)=F(ul XFIVI

.

e-rings .

Feisiplial etnine.
: Su object FEShr (X;eg)

① F is fitant FU) is front.

② fo every p : h *3 -> X pff is a local viny.

Ef. An office bind soorthfelis local CX-zimpul spe.
~ Ox a firent object ,

cn be written on a hotary limit

(x,0x)- 1
↓

o RE



* Achie will is what you can glued from office over













Kury : StakeofReaSort
Def: Af Riema surface is a complex 1-u fle.

hos a soft surface of a complex structure

Aword Riemann surface is a space lovely E to

a domain in $ or <(
,we c/zW = 02.

Can deal- boulang andorbouy machpfs).
① teached pls on a Rienam surfac is a finite schetof D
st

. they are not word Earles :

x(, #D



Lef: Stfamily of Riemann surfer is a separted map

C- B sto it's locally of the form
Tzw=t Dxu= UDCQ.
-

a - nap C - B st- withwod fiteres.
flat proper flat proper

=

Example: ⑭x[
↓ I ↓
-



Wget stocks :

all not - stable Stable
113 cures My noch 14 Smooth

cures

-

331 M 54g&

2139
,
2 Jugin Mg

,
u

155j(B) =

Space of families of would curves

C+B -> Groupoid of ...

Stralytic/ Top -Smooth/Top
-

Hu Top Sm B can to from one of these cuts.



An op

111AnIsa--
I ->

Topop- Spa

Th : 1 : The LKE of 11th mules Ano-Sup is isomorphic
toHy Su

Th2 : MSM Cyn2) has an etale other

eju
Profile Use live bundles to ener cove in projective spaces.

Consider a family C-s B then w
⑦3
ivery comple/B

(i. e. dey (03)



Home, I is a vector bull onB 2 F a closed enbadding

C - PH(B, 2)

We conside Kes (1 2)
*
-> (204)

some homgenes
L- polynomials .ok

Fork(>0 hee ((x2) -> Joh , cuts out C.
-

isavetes Guille

Now this gives awap of stacks Jg- Gr (N-K ,
N

1 (nomm)
Now we need to show that this realizes My as a locally closed

analytic substack.



Im : The dicyoual JesTop-115Tpx 119
Top
is separate

A
extension

universally closed.
Son

uniqueness.

Thei The diagon Jutpe Jutox Jyto i prepareg.
u

Examples: Mas is a point

Mo
,4

is <D - 40
,
1

,
+ 0 3

Man is Confu-s(XDT.
The Take &In then Hut)*/)EIR *G-

where G = F/2 , W ,

on6.



641
y

a "point" is a choice of N 2 inotrop :G.

a point = choice ofA
Mo isotropy is the full Stat (4/a).

Moo is a point u/ isotropy PSL (2,4)

Mo is a pt v/ botropy on affine group

Mon is opt -/ Botony K*

Sitting inside Jugin is the"singula los". This is an SNC

divise on Jogin



LogSmooth curve in pictures :

Negae-Oges .

Do
&mine : Joy smooth wflds.

Gi Monoid =

"

(R
: 0 ,+)- knea com monoid.

"

m1 ,me M

(m+ m
,
> = mem? m+ = m

& mi2

& Rad = CR3o et
mult
IR

> o

= (IRyoc :



X-top
. (x = C(X ; IR)
~

= Hou(X
, IRme) sheaf ofmonides

W

= Kom(X ; But -n-

Boytop

Stre-log striveon X

Sheaf of nowit (0401 (C) st

⑳ = fag")() At me-bystr-w is beg ofQ.
6

I f (
,0:)



fix-4cts . fo f
*

00- 0 cours fre

log : IRmlta padd-3

Adjointf-ctasi
init +

Top i Logtop !For Logop En Top
Dtw

x
has 03= nice

Dimit
x 030 =C will

↳ XB = raxielopers
i
t. 630= it's due

↳ Log-ification



Palog/ + 20g/x ↳ Prelog x
- j

preco Qo .-Re~ DO Ishafife)
pagso

10,0 = (peQho Doy ca
,
es ~ja ,6) Immi

Cam
,
mi"8) = Ca'm! im/"6) =kin

,
I 6')

& 'IR
go whe logification of the pe-log store

Rad Ch a70C70
IR

, o 230

us (x x4)
f= xig 2
f



MateLogtop(X,Rao) E T(02) -
"Shoot of vanishing

olrs"

Ef Agesheet Ex =/
& IRso"Elida o 1 o

&f Spullbackstore fix-YQ : Log*02

20y/(f
*

07 Coy/ (020 fot
(f) : (x:09 - (4 , 03)
fo .-0
fr:0+ 00



flogmarhism is set of fo is an iso.

Hi

f
*

zp = zx

dmolavarieties"
> Red polyheal come PCIR"

> P-Q the restriction ofsome live mage.

< P ↳ P & P
= vert space

Xp = Mon) poud
,put

Quo = Log (P (=
30



Corally evp(x)g() <y20 ,
peD)

& P = 10 Xp=Ro .

p - Q - Xp -Xp

1R =D -Xp4XRo = IR3o,

Exp ,
o

= P
.

F Cogtop (2,Xp) = Mon) pre,(0)

Xpoq = XpXa PGDap

XP = (pypj = Xpsp Xpgp -Xp .



10 = /R- IR

↳statut0 P
.

FCP a face.

Open statue at x is X*FXP
S/

(Fy
ext

. by 0.

Px = P/
+
9p

0 -F- p+FPt0 .

=> XpxXgp modewe



Soothess
↑Xp = count

. (PSP)"5Gs
.

Top : P +FF =T
*

Xp .

X

-circledant "cotangent come"

& Xx non-vanishing verter field on 'IRc
,
o.

X=e =xby+g

1850 : Exiby 3 Gasis .

Lef: 10ff'ty)
- F :Xp-R2o is diff otsectis liff.
df(y = image of t +=944 +F=



feC' of dfir its.

> fixp - 1sofly =prdge P+F
,

S
-...

f : Xp-+ XQ isdoff Eg :XQso

*
gof isoff

,

C
,
etc...

+*Xq +*X
,

TXp - TXQ

XpXXpgj



Lef : Af log smooth we is a zogtop + on atlas locallyme delled we

Xp .

Nabi zoX...3r =0

IRO"S+

(s) ms 2-S

(IRS13...
Claim : this is compatible ~/ Ehhorohiss .
-

One recovers an otlas St DoX



SHitsemath (0 Sm2)

Se Catching & Matching

It : Arestriction f-#
costen

&ef : uth latching functor is Ly :Ferroskn -, oresne
*
-C

"the first level of only legarate simplices
"

def: the nth latching map LnX-Xu-

&f : Given X-Y in #* the uthelative latching map is given by
XL 2nY + Yu
EuY

&f :
X + &
**

is n-truncated c XTm)Sku) <

[nXXVK30.



Ef: Jually ,

the Jes# (FE : coskn
·

The utmatching for Mr isdefined
#pu

as M : = evo cosk, oresn-
ii

res
A

#en-1

Thetratching nap . of X *** is the wit XIoMX

Then relative ratching rap is X"-- M"XXY"
May

X isn-notruncatal off Xtessential ing. of cosk , orequire

iff X" -> MEX isso know

Ref: fix- Y in
* has Reedy property P for P a property of

morism ind ofXe M2Xyi hand on



Stol-Kau
def : At A6

#
the Moore <px :

CSA) = (Anc Upo
V :AutAss
u = 2 -xd

DnJA) An is the subgroup generated by degemente -simplies.

NA) =

(A)A) D
.
(A) -- An

is the n'th latching was !

y
force a sulcomplexIs a sal

Sena for AtH*
*

330 we have a s
.
e

.
s.

Of LA -- ArtNeAto·

-A



Ge: Given a morphism At B in ASAP we have

col (AmYLB t Br = rok (NA-Nu
T

the let relative latching map.

femua: Let Ple a class of morphisms in to containing all isos
,
stable

=

nula
,
composition ,

retrants
,
0

.

Then for A- B inHandso

E :

(i) (An-> Bu) =P

(ii) (NmA-NmB) EPEmen .

Rak : Everything works dually. Rh : Everything mashes for Vet inter of
-

An NmA futially 56,20 .

X : (n] -> (m]



Po : Given At B invet * Lee (A"
-> M4Ax BY) =LoeNuA-

M&B
-> NuB)

.

& dim (noh (AK-MPAXB) = dim (wh(NANB)

Kau!

Na : Set cise) : K

Ku (Mix = Hou(Nx ( x)
, Ma)

Ng(x)) =N )P(x])
Gollany: A + B inflet is level-wise Say ,

off it's Reely say
-

Proof: P= 3 sujations ? AlzsB off NA NaB.
- landwic

Say off AP-MYAMutB



93 .Sosimplici presentation of &Sm.

G : AtB in Su
*
is buelwise submersive at A- A iff

=

It's Reely submersive.

Heut

def . Let Perf: BSu-Caty be a f-r taking X to

complexes of locally free modules over &*(X).

Perf
= o X0 Su

& =fil .
O Su

Jef : Tangent apx f -3 T : &Su -> PerfoXOSus preserves
=

finate limits2LiftsVetX(T) ?
Suc&Su



If : X+ Y in&Sm T(X/4) isT(/) -TX

13J
o - f+

in Perf
°

(X).
A B

Y

The A - to -Sm factors wasest brat...Ze-

Where Ei + Ei-1 is thepulled of the linyoue of
Hacking

T (*(*) X-Y Cotangent version?
-

X+ XxX
X -> XXX

XXX

Y



Prof: Choose Guelwire Submersive
,
Reely intensive minical

-

cosimplicitl mesentation. X- Y

By diagram choss tim X- fin Y factors as
# #)

zp -
....

- z
where E , +ki 1 is the pullback of the sel watching cap
of X+

Y
.

It suffice to identify Tx (X "//MiXXipPism/
TYX(A/B) I

us of NoTxX
↓

NoTjuY indega



Mininevanishing differential- F= H") les of NATY
L

No TfY) =

= H: (be of i TX- TY) .

A

Idealmehave a buelwise subversion
.
Choose injection

F

Ifo contracting winas presentation

(IR(k+1) -> 1121h3]
↓ Contact X + C (1)
NTI(X/4) St. When me the the pullback

u- X st
.

the rank chars by one :

↓
↳ - yell (DM(



iNaTy(U/4) = thatof X/-1.

& Representalitythe lines setting
.

Setup :Q B proges subression of
smooth uffle

↳ famly Q="(8)

E
,
F1 Q

L :E- F vertical livea elliptic operature.

: Ej- F

Gol : Define themobilistal of solutions L of h I show

that TXh is representable invariousategories.



#sure : I is fobewise surjective =>& is represented by therath

bundle kel- B the 2/1 = herze.
6

mycal: #L is locally reported by a 2-ten complex of v.O.

SEE
GeB

↓ ↓
B- B

Ef Stack of sections Sp(Q,
E)

,
arap-Ep(Q ,

E).
E

---t 1

A Q
B This dif wales see inmany context.

4 Su
↓ ↳

Top
z - B Not

Netation : strtsheof



Fact: Lindles a map

E(Q,
E)= (Q,

F)

Sectious

Nelto lead: Imape smooth families ofIfEto smoth farctice of
sections of F.
If: T2 is a fille product Males sense indifferent

2- Sep(Q ,
E) categories

I

↓ ↓
BorationB (Q

.
F)

the : I is fiberwise Injective => 2 is representable / the rep.

object her2 - B



Digression (up on Ep. sites Lett be aperfect topologicalsite

category -/open embeddings)
Fact: Sho(t) is also aperfect topological site : open end one

=

defined wic mad life :

zxu= z

- ↳
Pop : (Representability is local) X-Shu(2) is zep. If abmits an

open cover by representable shearer.

&fegy : we carewal locally on B
,
wre precisely HEB open then office

#2h+ 2

I ↓

xB



Therefor STS is zep. by fur small open subsets U.

Sa Suppose If is an iso fubB F176 st&his

epresented by U.

Proof: 7) St. VO'Et Cg1 is an io (by Func.Analysis)-

Home we may assume vLOG
that I is a fibration isomorphism.

Claim; 2: Secp(P,E)-Sep(Q,
F) is an iso ofsmooth

=

stude
-

Inverse isdefinal by Go (9,7) Sep(Q,
El

funities of+. (l) family
of
asections of

2 - ((P ,
E)
HereTI =B

.St= S12
B - Sp(P ,

F)



Lana: Suppose I is surjective ata pIX =G st.C is representedly
UXIR!

Pof wewant to make I bijative-

Aside: assume that T:X-Y is a Fredhole operator between Baranh
-

spaces & Tis subjective
,

herTX isfl. => Fa projection

X Fe Leet .
Then conside XT YokT is an iso

,

JB : Q-E *@Ro/ *IR*. There exists a paining

METRay(OTCE-IR .

Binduces a nap See CQ ,
El-IR"st

(E) It EQ ,
FIxR"



is an iso over 6
.
(CL

,pl is an iso [manishiradation" (

Previous lemma still words => after shrinking B there is on iso of

studs
.

2 - Sp) ,
E

Sd
S St(4

,
B

BXIR - B(Q ,
F)x1Rk

L ↓
B - (()p ,

F)

-LEXIR" .

2 : If I is fibrewise sunjective everywher2 = The [1B)
·

-do thesome
thing : fu vea

mapt . ↓ L

v- w

s vet(X) X- Y



Conside PerfXSm (X, . . . .
-U-view ... )

this is an -category.
Notice that Perf XSM is "almost " a by category.
Claim! There's a functor
=

Fun ((Vert XSu/)0
,
Al)-PShv)(K(Vent) XSm)/s)

which senl

(See(Q ,E))
GetSul/

to (Seekers -

Met : we can define

E(Q(Q ,
F))
perf

functorially from our original 2



& If I is a fiterwise ison then 2 is on is of stacks on PefXSm.

Cor. IfI is fiterwise surjective then Lust/pefysm isrepresented by
=

forL

Malcolm Mochli Problems 2 Modeli functors
-

C is a
Rieman surface .

X is an almost complexwfle.

Hol(X) =Gu:-X ((ul = 03
Solutions parametrized by asmooth) spaceE

t(X)(E) = (n :zxc- X /1d
,
a) = 03

Hot ( ,
X) smooth stack

.

Points of Hot (CX) = Hel((X).



G1.bli problems

Af Riemann surface C

T :W- C almost complex 3
submission

Sious : Pholonaphis sections of C*W .

An almost counexstee

Ex: W = XXC w/ product a .C .
S. 2:X (dry =0.

-

~ : (xX-TXQF) ↳ solution n:C-X

(dus1) +y(u) = 0



Quasi-hobnobic sertion problem

- Csmooth surface - TT:W- C submersion

-> Jethwall J1(W/) -/ for ove pow = See (ThATC)

Affine ball modelled onHow*Tc
,Tw/s)

- Real v .
C

.
H-W

- Elliptic office line op . e 4 :31/) - H.

& 4 elliptic lineou part How*TcTw/) -> H send now

-zers
elements of G* TC) " to isos Tw/ TH.

Solutions : quasi-holomonghis sections u:C+WY(du) = 0.
-
-

Ex : ~W-S ac submission ↑ holomaphics-n
-
-

- H=Try 3 moblen

- Y(x) = 231



Patconstraints

f : A-W

Solutions atA + quesiholonorphic section problems u:7W

S
.
t

.
U( < feal.

Bonday continents.

- C
,
W have boundaries

.

- Submersion KusXC

- Immension K-Woven Cs .
t Howl*Ty ,Tisad
I

Rom (+Tc
,
Tw_



Ex. For a 2 holomaphic s-u problem we get totally real boundary
constraints

.

S diagam
un
x- K

dh
N

Paramaticalqueeholomorphic -u problem

↑Cul
- Submersion W-

- Real U.

S. He W

- Elliptic office linea map
4 :/)- H

[-> modelled on Hon (*T/ ,Tw/) .



Rh. B canbe a smooth stack.

3Soluti Stacks

Fix a parametrized problem (W-+-B ,
H

,
4)

Generalize Hot (CX) :

H(X - e% (x)

I 12
%NT



Smooth mallistak Hol(GWSu

77-1p(W)s] = Get(
77

How- SWSu

I 1
E(W) - Se14th

ess Ocul

Bal: B is asmooth stac.



Topological moduli stack.

Holis(CW)
Top

:

Sep)Cwhtop defined as before but us diagent inT

① Objects me locally of the fam EXIR.
① zxIR"- zxIR"

Moyhism ExII" --Z'XIR" if / ↳ /proj
z -

z

(locally)

top (wtop ② EXIR"- EXIM - IR"-IR

should have tin IR-lin . continuous

For&Sh definition is the same
.

We thus get theWySu



Comparison maps between different flavours :

#(?Wise-Hol(w) e Hop (GW) Top&Sm

Meaning e
.%. #B(W) Sn-

Sue Top 1
*

thtp (W)top
in-

Recon : Senel Sep-ligaust Sep (2) diagua : Tor.

Cog malli stands
- subventions of log smooth roufulls I

the
- Real Vector bundle H-W

- Elliptic office linea wap 4 :ThW/-H
~ Modeli stack Hlp)W

Logan.



RegultyHe wogigdi
e

teles < Holsu is representable (by a smoothfl

> What is thata

Fix some quasi-holomorphic section problem
(W + J1B

,
H

,
4) st .

C-> B is proper.

&f Analytic targent space :Diassume B =*) n = Hot (C,Wh (z)

flow to define an analytic tangent space

In : 28)(
,Try) -- (

*

)C
,
2

* H obtained by farmh

lineizing .

This gives us the first rules variation of 41du) indeed by
a f. o

.
variation ofm.

We can view this operates as a 2-tee complex

Tuttof = 1 two-ter complex given by Dr]



x is regular if the cohomology of Th Hot is o in posloue.

(1
.
e

.In issubjective)

② Ifue have a parametrized problem ,
we can define (b ,

2: Co-Wel 2

we obtainin operator On over Cy is te relative analytic target space.

Tians Hot (C ,W)/B

Holmes = looking at regular solutions to the y .
holoupione

problem.

Loud stire of the section stacks.

Q Stack of Suns See(MQ
onF profes

The/Eat : E (M
,Q) is covered by open

substants of the form EolMY, Q



Here Bo
,

Po are over subsets in the respective things 2 M2 = MXB

Qo
L

in T lBo
Recall ; We have a presentation top(CW)- Se(PL)=

↓ Je ne (2 , 0)

&u- Sp(H)
n14))



Th For19 (CW)H (CWs is repentale

?
(SmeTop) ! Holy - Halig
Profi It suffice to show this locally since reprentability is local.

(wo-B% (w- C- a) + B%
f
werts bunlle
-locally we can phase our problem
-

as follows
pulleah ofT

DiBocout-co
(b

,
u)-> 16

,
dus

Really :
Dr = o i m is a solution



#ht - 0

↓ I

o
(

,
4)

thutfl. projections X :BOCO)(W) - K
T

some ful.Obtained pin I against some sation vert-spac

c -(w-* M, K

We
say a soln is regula if 3 : KnD-K.

Rah. - his J-regula for some X.

Solutions leg HafX29/K



look at the analytic target space

Tnewt
20

. ext)
ison to having just K in degree 0.&

-

DD : BOCO
,
WY - -HK

This isomorphism and

Q : (*(H)- BoCWS .

CDDOX
10 :- BoC*C

,
W) senof J.

i
u - Q02" =xi+

- kinds like "invere Jacobian"



Pf: On some migh UCK ofOK you can define

48 :
0 + Bo(0

,w
z n tim wilk) .
i+2

3Why would this converge
①Pick sa0 St

.
HS1sation are continued.

② We can view our hi's as mapping
into H-sation.

③ By using the guarhatic estimate me show that close

to the origh this HS-converges
① Since this lots saso > we get a smooth fr

Furthermore
,

Q -had s all mi soun of 3.
Hence x 28= idk meas the origin .

The fact that this is true follow

from 240) = id
e

2 d is injectives quadratic estimates .



=> Glocal iso for top - stac) Sothness 1 inductive anyment.

v Co =Top = dow

-
LC" => (k+ ?

C

Webtain a tangent naculi proble TD : COCTryy)-Tit
By defen TH = TD"(0) which is another quaiholomorphins--

purblen.

Laststep crequently ofTH
Cktuo

Get smoothness
E



Gabel:ofth ofte

Goalname's the

↓fitm : [.g. f : 10 - 150 (x,4) +> (x2, xy
target space (x6xc] TF = (&) is ariss. However

fis not a localliffer.

-F H
The lloginase fou that fiMeN CK

,
K2 Surrove

Tof : TN - T& M is miso of own



Then fis locally a log home at < v/ local D inverse

T(f") = If) ?
at Ticfly"TxMxnTfNfx
:Z· Em

,

#f : reduce(Xp ,
0 - XXp ,

o check in local coordinateA
u

-
-

-

Eg: Hy,
- +
*
M

L
p-ofof log smarte for

(M
,p) - X

+
*
M
local differ

Jef: f : M-N is a submersion at p of Tf :TpM ->Tfcp M saj·

TN -T* M inj
QP n Xprs

.

XQ



Rop : f: M -> N is a submission 11 on the some it'smobladon

subm
.

monomial raps,
S

AM (M
,p) - XMP

↑ ↑+f I 1f

HN (Nsf(p) -X

given ge Ulp> eTp
*
M scacyp + R

> o
·

2 . f:Ro-10 (x
,y rou +f= (ii)

antit fit is 1130



Cog subversions don't heave equiclim fitzes 2 not-never.

tef: Anop f : Q + P is exacther (f9P)"(P) =Q
.

-

locally excutwhen FXP Q + f"(FI--D+ FSP dext.

If: f : M + N is exact of x if T&f tocexect
16 Loc

.

exactT f or for exact ty in ushelof= fr
Lemme Coc

,

exact maphim of our are proceed under parhouts.
=

Eg .

"

180 +R30 ( , 4) -exy exact.

Itop,
Loc

,

tri
,

on the source

&)I R "Roo
②



Pop : Exact subversions are preserved whs pullbacte
D-f : reclue to the case

!

XRXp - X

↓

& IP - dual to the love example.

I
Y- Xa

Es .
A - M = fibers of exact sub. over MD me

T
↳
MD logsmooth .

At MX = M-MB One could get

"Grokn logsmooth ifid"

Pop : A proper sub. of log smooth with 13x 1124x 11%
(Slz

.
) triv

, to on the source istriv on thetarget.
Es

.



Lef : A simply broken submission is a map which is locally
a pullback of IR" xRo -*, IROXIR"et IRso ·
These are allexcet.

*ef : A "started gluing family" consists of 4 piecs of data.

(M
.

P

,
N

,
<

,
a)

* Mo is log smooth * N issmooth

* NX'R>04 MP hitting all pts of positive lepth.

*
g

: NTN fres involution
Mome

I=



(xRoo NXYR30/*/2) It 'Mo,
↓ -N

, swapping 1R30 ·

&us: (n
,
x

, j) ~(i(h,
x)

,xy)
= M ->o v/ firs My= (Mobe,b)ic

,
x) = id(u), )

MoTM/- icnol = i(z(l,%

-) The (Simply trohen Ehermann(

Every proper simply broken sub is locally

&on
the se lead ofthe stande a



Roof : Couls on the some we get
2

T '130 X1R
"

I I mult
- "R

>0
1-0

ratch these together was Qg =16) to a stel glowing
fauty from map - assemble then into a

stambed

gluing family.
goQ is coursingula when it is strict

. Non-zingula

& Q X

At singuls its it's apreinage of 10, 01



+Q 1k 3o
xIM

"

↑ Ta
TQ IR Zan

& ↓
EB

.

e

20
,97 1230 IR2 o

↑
t D

zB
.

g11Rso

hcase of Rienaus surfaces :

Qg is not
a logtor . Suc.

- &G resolving singularities



At now singula ps Q ve Go

~ I
Ge ,
e

QG

N/z is the singular its ofQ6
D

(MM) =mousing plsG
= Ma WM.

Pre

~
N = (m,66

.

E
.g.

2
- 4 (3 ,

w) no ze
=

# lamp

(YR0x542- (IR,SY



8)
,
t

,
x

, y) ms(0
++

,
x , 4)

Mindun :Logsmooth regity
Strict

Gal: (W-C- B
,
H

,
t) Log small y .

holmouhis section problem
↑

proper &

simply-broken

that (CWig representable ove LogS(

Local mod : Stambd gling family-

E
.g.=

u GtLogSm

* Form agluing family sit. P
130



*MN faniso

Astrict submersion is locally on source - pullbach of IR-> A.

Proposition :
-

If f :M-+ N is a strict submersion then fis locally NXIR".
proges

&cition : Q- M-B then 7 Qo-Mo-Bo
strict simply

broken

B. B ,
Mo= M x Bo Q° QB" 2 anap Bos 130

B
which makes Q

°

-M :-BO a pullback of theand gluing
family defined by My. T

Q- M-Ro
-More

,
the map B
- IR3o factors ~ universal gloving family

M

through any strict nap B- B



Gi Our local charts I " can many / a splitting
Bo = vXAv/anap A+30 V W

.

8.

S .t
.

6 = 10
,
2) acA is it's own by stratum

2:Cne regularity Q -> B is a simplybolen proper submersion.

2 :E-F is some vertical ell. operate on (Q/)
(=> [p :Ej F over My (

/ trial line bud ed =f
CIR

-: Stu elliptic opens on a lysmooth mfld M w/ only leythe tour
i : NXR so -M then the elliptic operator L :EFE



assymptotic cylinhicl opeate L : E - F overMP

&·~
The : Q - B

,
L defined alove =>

i) 1) It is a non-leyements iso.

(2 is investible non-day.

then 2g-n-fur S'mor 6.

ii) /26-1- fevery beB then 2:(0 ,E)-
Ao Ad

- -TK3 o

- Se(0 ,Fl

#tegluing isonorphism



egae eay)0:0 , to:all
Molinetheory

Q - M- B & is aG
.

2 B = U +A
,Visu

~/ a fast point 10
,
a) is itsowntratum .

: Sco (Mo, Q9 is a love chut ofSe(M,Q)
and a choice of load charts given on open covering
& Holp(M ,

Q) is the pullback of

H (M,y E (M
,
Q)

↓ ↓

Ep (M ,
Q) - See (M ,H)
↑ 4

(6, 21 : 146+ Q6) is Y(u]



Hol(Ma,- A a

↓ ↓ I
2
A(MQ)xVE)McHi ca

,
%

↓f: The regular los is the same as the lowes when TCHelp (M ,
Q1) say.

in degre 0.

Hag (M , Q) is the lowes where TCH (M,Q)/) sur
in depe o

. (Suy ,
ou fibres)
: Heg (M ,

Q) is covered by regular loci of the for

Holvy/)MQ% Warsmouth

Roof: Because OA is its own lous
E



> The rest is similar to smooth regularity .

Kan extensions and all that sort of thing

Intro
-

The Apologieslove
t

M

- essionConier EX , Elyse Do
-y Smooth fils

is left Kan extended from B -

Specialcarea leading example

B= &(XE) X is comp .

2 Handuff-



Zugsthei Every chaid Su.stuck us a submnsive atlos a

proper diconal is a "Derive Zie Orbifoll".

-

E(X ,
El
sm

: Snip-Set
.

y

Mi I/
N

y
N

Claim; thea sheef=



> E(X,E)
on

: S2-Spa.

OSuI
that'sa sheef!
-

- !
DSn -> Spep.

Bui &Suti Top of
Fitsmop-Spc 12 M EDSu over embedding Catesian-

(Sm() M) = Op(1M1)

FlitsutM) : Op (IMI)&-- Spa mutte a sheaf .-
-

perfect

# : DSm is the unlessal finite cosifted completetop -site vI
i

a p .p . fin SuDSm.
= strict



(Astrict f - -
e f0(
=>
Top

i has nice properties
Li isff.
> i is product-prsening.
# Se (X

,
E) is LKEd from Su .

> i doexitprereshewes inso ga
Itzh ↓itCh

Fat iti FIF Isimei is f- f .)

& (X
,Eloi+ (X

,Elesm
- Sei(X ,

El
.



Goal: WTS H(C ,
W) to be representable.

Eat : (LKE < Rep-ty] Let C- be o for of top -sites

then-
MESu In . &Su

121t
commuter! Succul

Sucosal
=

Thes if F iszep.
-> 11 F is repralatable .

Seetch: LLCM))= <(M) ?

iF EIS : Howsuctsu)( ? + (m) , G) =

-> How
SWItsu)
(f (M)

,
i+G)

② (*G) (M) eG(i (M)) = Howsm(OS) (fliCMI) ,
G).



Hote See # tot = i Hot
L Strategy : SBLKE

,
It is =

Se - See
-

tot is LKE.

Ingrtientsin the preef efter-ty :
-

< Proof of locality
c Prof of LKE proceeds by covering and ninja-Yord.

E Is Shu (Su) reflexive in

Sec(X
,
2) <See(X

,
E)

DSu submersion? She (DSul ?
1
.Topologically presening limits ↳-

N ECHaus
criterion cosifted
-

2. Proper fore change thm.
↑ "flabby shares"

3. Th-sheaves (Ch-anctity for U.

8
. )



1. Topological preservation ofrosifted limits

Suppose I is a sheef or &Sm
.

Then Fy + /MI * MEDIm

Also
, fiM->Nu IfF-Fr Fr -HM

in Top :

1f1 : /M1-> IN
Xover K
-

Suppor D : K
"
-> OSm

M is the vertex ofOK") M=D(k)
,
kek

:M -> Mr Th
*

FrShu (M)
↓

Fre



This results in adisom ofshape K"in Shu((M))*

Def: # top preseves cedlimits if K* -Sh) /M1)
%
is

a limeccome when K" is acorifted limit cone inDSm
.

The- LKEC Q
M- MXX E Las : See satisfies coul3

↓ ↓
=

X

TMi
E-aupolicity => presentation rubeproper

/ puwa
.

Share k-Shu(X)= kP(X) fo more

suc ↑
(
D hP(Y)some colimit d-u

--

profes purtforward presence b- acyclicity
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1. INTRODUCTION

The goal of this note is to prove the following result of Pardon, Steffens.

Theorem 1 ([Pa2023, Theorem 5.1], [Pa2025+, Theorem 5.7.10, Theorem 0.0.3], [St2024, §4]).
Every quasi-holomorphic section problem over a derived smooth stack is derived regular.

2. WHAT HAPPENED SO FAR

2.1. Section problems. Below 𝐵 is an object of one of the categories we use (e.g. a derived manifold,
some family of derived manifolds over a topological base, etc.).

Definition 2 ([Pa2025+, Definition 2.3.52]). Let 𝐸 → 𝑋 → 𝐵 be a pair of morphisms in one of the
categories Cwe use such that 𝑋 → 𝐵 pulls back in the category C for any morphism 𝑍 → 𝐵. Define
the presheaf Sec

𝐵
(𝑋, 𝐸) on C by the following property. A map 𝑍 → Sec

𝐵
(𝑋, 𝐸) is a diagram as

1
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follows:
𝐸

𝑋 ×𝐵 𝑍 𝑋

𝑍 𝐵

Given a functor 𝐹 : C → D preserving pullbacks of 𝑋 → 𝐵 we get a natural morphism of the
following form:

Sec
𝐵
(𝑋, 𝐸) → 𝐹 ∗Sec

𝐹 (𝐵) (𝐹 (𝑋 ), 𝐹 (𝐸)).

Definition 3 ([Pa2025+, Definition 5.2.15]). A pseudo-holomorphic section problem over 𝐵 consists of
the following data:

• A pair of submersions as follows:

𝐶

𝑊 𝐵

rel.dim=2

• Both𝑊 and 𝐶 are almost complex relative to 𝐵.
• The map𝑊 → 𝐶 is almost complex relative to 𝐵.

A solution to pseudo-holomorphic section problem is a point 𝑏 ∈ 𝐵 with a pseudo-holomorphic
section 𝑢 : 𝐶𝑏 →𝑊𝑏 .

Definition 4 ([Pa2025+, Definition 5.2.15]). A quasi-holomorphic section problem consists of the
following data:

• A pair of submersions as follows:

𝐶

𝑊 𝐵

• A vector bundle 𝐻 →𝑊 and an affine linear map 𝜑 : 𝐽 1
𝐵
(𝑊 /𝐶) → 𝐻 which is elliptic.

A solution to quasi-holomorphic section problem is a point 𝑏 ∈ 𝐵 with a quasi-holomorphic section
𝑢 : 𝐶𝑏 →𝑊𝑏 .

Moreover, one can define an appropriate version of the same thing with non-trivial boundary
conditions.

Example 5 ([Pa2025+, Example 5.2.16]). Take a smooth manifold 𝐸. Let 𝑋 be an almost complex
manifold and 𝐶 be a Riemann surface. Then we consider the following data:

• The triangle of morphisms

𝐶 × 𝐸

𝐶 × 𝑋 × 𝐸 𝐸
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• The data that the triangle above yields a pseudo-holomorphic section problem is equivalent to
a section 𝛾 : 𝐶 × 𝑋 → 𝑇𝑋 ⊗ 𝑇 ∗𝐶 together with a condition of pseudo-holomorphicity on the
section (𝑢, id𝐶 ) : 𝐶 → 𝑋 ×𝐶. The latter condition is equivalent to the following equation:

(𝑑𝑢) (0,1) + 𝛾 (𝑢) = 0.

Definition 6 (Parameterized point constraints, [Pa2025+, Definition 5.2.17]). A point constraint for
a parameterized section problem𝑊 → 𝐶 → 𝐵 is a map 𝑓 : 𝐴 → 𝐽𝑘

𝐵
(𝑊 /𝐶) whose composition𝐴 → 𝐶

is a closed embedding and whose composition 𝐴 → 𝐵 is a proper local isomorphism. A solution to
the constrained problem is a solution (𝑏,𝑢 : 𝐶𝑏 → 𝑊𝑏) of the unconstrained problem whose 𝑘-jet
𝐽𝑘𝑢 : 𝐶𝑏 → 𝐽𝑘 (𝑊𝑏/𝐶𝑏) = 𝐽𝑘𝐵 (𝑊 /𝐶)𝑏 agrees with 𝑓 under pullback to 𝐴𝑏 .

2.2. Left Kan extension from smooth manifolds. The following is kind of complicated and will
be explained in the previous day.

Proposition 7 ([Pa2025+, 2.9.41]). Let 𝐸 → 𝑋 be a submersion of derived smooth manifolds. If 𝑋 is
compact Hausdorff, then the derived smooth stack Sec(𝑋, 𝐸) is left Kan extended from Sm.

Corollary 8 ([Pa2025+, 2.9.43]). Let 𝑊 → 𝐶 → 𝐵 be submersions of smooth manifolds. If 𝐶 → 𝐵 is
proper, then the derived smooth stack Sec

𝐵
(𝐶,𝑊 ) over 𝐵 is left Kan extended from (Sm ↓subm 𝐵).

2.3. Regular locus.

Meta-Definition. A regular locus of a stack is the maximal substack which is smooth. Using some
version of the infinitesimal criterion for smoothness, one can define it as a substack where the
(co)tangent complex is classical.

Definition 9. Given a derived smooth stack 𝐵 its tangent complex at a point 𝑏 → 𝐵 is defined as
the following colimit (in the category Perf (∗)):

𝑇𝑏𝐵 = colim
𝑏 𝐵

𝑀

𝑇𝑏𝑀

Then the regular locus of 𝐵 is the maximal open substack of 𝐵 where the tangent complex is classical.

The above abstract definition turns out to be equivalent to the following more concrete one.

Definition 10 ([Pa2025+, 5.4.1]). Let (𝑊 → 𝐶,𝐻, 𝜑) be a quasi-holomorphic section problem, and
let 𝑢 : 𝐶 →𝑊 be a point of its moduli stack Hol(𝐶,𝑊 ). We consider the map

(1) 𝐷𝑢 : 𝐶∞ (𝐶,𝑢∗𝑇𝑊 /𝐶 ) → 𝐶∞ (𝐶,𝑢∗𝐻 )
measuring the first order variation in 𝜑 (𝑑𝑢) induced by first order variations of 𝑢 (it is obtained
formally by linearizing the triple (𝑊 → 𝐶,𝐻, 𝜑) around 𝑢 to obtain (𝑢∗𝑇𝑊 /𝐶 → 𝐶,𝑢∗𝐻,𝑇𝜑 (𝑢, ·))).
This 𝐷𝑢 is a first order differential operator, whose symbol 𝜎 (𝐷𝑢) : 𝑇 ∗𝐶 → Hom(𝑢∗𝑇𝑊 /𝐶 , 𝑢

∗𝐻 ) is the
linear part of 𝜑 pulled back under 𝑢. It follows that 𝐷𝑢 is elliptic by the hypothesis (suitably termed
“ellipticity”) on 𝜑 .

2.4. Smooth regularity theorems.

Theorem 11 (Smooth Regularity Theorem, [Pa2025+, Theorem 5.6.2]). Let (𝑊 → 𝐶 → 𝐵) be a
quasi-holomorphic section problem over a smooth manifold 𝐵. Then the following are equivalent. Suppose
that the map 𝐶 → 𝐵 is proper. The regular locus Hol

𝐵
(𝐶,𝑊 )regSm is representable and the comparison map

Hol
𝐵
(𝐶,𝑊 )regSm → Hol

𝐵
(𝐶,𝑊 )regTop

is an equivalence.
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Theorem 12 (Log Regularity Theorem, [Pa2025+, Theorem 5.6.3]). Let𝑊 strict−−−→ 𝐶
simply-broken
−−−−−−−−−→ 𝐵 be a

quasi-holomorphic section problem over a log smooth manifold 𝐵. Suppose𝐶 → 𝐵 is proper and𝑊 → 𝐶 → 𝐵

has non-degenerate ends. The regular locus Hol
𝐵
(𝐶,𝑊 )regLog Sm ⊂ Hol

𝐵
(𝐶,𝑊 )Log Sm is representable and the

comparison map [Log Sm → LogTop] !Hol
𝐵
(𝐶,𝑊 )Log Sm → Hol

𝐵
(𝐶,𝑊 )LogTop is an isomorphism.

2.5. The notion of derived regularity.

Definition 13. A quasi-holomorphic section problem p = (𝑊 → 𝐶 → 𝐵) over a derived smoth
stack 𝐵 is derived regular if the following holds:

• The morphism Hol(p)DSm → 𝐵 is representable.
• The comparison map

[
DSm → Top

]
!Hol(p)DSm → Hol(p)Top is an equivalence.

3. HOW ARE WE GOING TO DO IT (PROOF STRATEGY)

3.1. Rough outline. From the previous days we have the smooth (and log-smooth) regularity The-
orems 11 and 12. Hence, we can try to bootstrap from those. How do we do that? Here is the plan.

Step 0 We prove that the derived regularity can be phrased categorically in terms of biCartesian fibra-
tions and derive functoriality of the derived regularity property with respect to pullbacks and
locally trivial maps.

Step 1 We prove that to show derived regularity it is enough to deal with it over the regular locus.
Step 2 We prove that derived regularity could be verified by checking it over smooth manifolds.
Step 3 We prove that over the regular locus there is an equivalence as follows.

[Sm → DSm] !Hol(p)regSm → Hol(p)reg
DSm

This step is the hardest one. We use the equivalence which holds at the level of all sections, and
then we use the fact that the quasi-holomorphic ones can be extracted from all sections by taking
transverse pullbacks (this is an additional step, we do not know this yet).

Step 4 Finally, we bring these results together to get the derived regularity theorem as a formal con-
sequence of the smooth regularity theorem.

4. DOING IT (PROOF)

4.1. Step 0: An abstract way to phrase derived regularity.

Construction 14 (Arrow categories for comparisons of topological sites). Let C and D be perfect
topological sites with a strict topological comparison functor 𝑓 : C → D. Denote by Shv(C) ↓𝑓
Shv(D) the arrow category for the functor 𝑓!, equivalently this is the (op-)arrow category for 𝑓 ∗.

In terms of (co)Cartesian fibrations we have the following description. For the adjunction (𝑓!, 𝑓 ∗)
we have a biCartesian fibration over Δ1 which encodes this adjunction. Thus, we can encode half
of the derived regularity property in this abstract language by saying that an object 𝑓!𝑋C → 𝑋D is
coCartesian if the morphism it corresponds to is an isomorphism.

Similarly, using this language we can treat comparisons of properties over two different sites.

Definition 15. For a pair of properties 𝑃C and 𝑃D we say that an object in Shv(C) ↓𝑓 Shv(D) has
property 𝑃 if its constituent objects have property 𝑃 in the respective sites. Similarly, one defines the
property 𝑃 for morphisms in Shv(C) ↓𝑓 Shv(D).

We say that a property 𝑃C is preserved by the functor 𝑓! if for any object 𝑋C in Shv(C) the object
𝑓!𝑋C has property 𝑃D. If this is the case, then an object 𝑋 in Shv(C) ↓𝑓 Shv(D) has property 𝑃 if
and only if the morphism 𝑋C has the property 𝑃C.
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Lemma 16. Let 𝑋 ′ → 𝑌 ′ be a pullback of 𝑋 → 𝑌 in Shv(C) ↓𝑓 Shv(D). Assume that we have a
morphism property 𝑃C stable under pullbacks and the functor 𝑓! preserves pullbacks along morphisms in 𝑃C.
Let 𝑌 and 𝑌 ′ be coCartesian objects in Shv(C) ↓𝑓 Shv(D).

Then the morphism𝑋 ′
C
→ 𝑌 ′

C
has property 𝑃C and𝑋 ′ is coCartesian if the morphism𝑋 → 𝑌 has property

𝑃C and 𝑋 is coCartesian. The reverse implication holds if 𝑌 ′
C
→ 𝑌C has local sections and 𝑃C is a target-local

property.

Proof. The direct implication is derived as follows. Since 𝑃C is stable under pullbacks, we have that
𝑋 ′

C
→ 𝑌 ′

C
has property 𝑃C. Since 𝑓! preserves pullbacks, we have that the morphism 𝑓!𝑋

′
C
→ 𝑋 ′

D
is

an equivalence and thus 𝑋 ′ is coCartesian.
The reverse implication follows by decent from the condition that 𝑃C is target local. Concretely,

target local=decendable along effective epimorphisms. Pullbacks and the functor 𝑓! preserve effective
epimorphisms, and so by locality of equivalence we are done. □

Notation 17. Let 𝑊 → 𝐶 → 𝐵 be a quasi-holomorphic section problem over a derived smooth
stack 𝐵. Denote by

Hol
𝐵
(𝐶,𝑊 )DSm↓Top ∈

(
Shv(DSm) ↓ Shv(Top)

)
the comparison morphism[

Sm → Top
]
!Hol

𝐵
(𝐶,𝑊 )DSm → Hol

𝐵
(𝐶,𝑊 )Top.

Denote by Hol
𝐵
(𝐶,𝑊 )DSm → 𝐵 the morphism in Shv(DSm) ↓ Shv(Top), where 𝐵 denotes the pair

(𝐵,
[
DSm → Top

]
! 𝐵).

Observation 18. The derived regularity property can be reformulated as follows. The morphism
Hol

𝐵
(𝐶,𝑊 )DSm → 𝐵 is representable and the object Hol

𝐵
(𝐶,𝑊 )DSm↓Top is coCartesian.

Corollary 19. Derived regularity is preserved under pullbacks along maps of derived smooth stacks and
descends along maps 𝐵′ → 𝐵 admitting local sections.

Proof. Note that the functor
[
Sm → Top

]
! preserves pullbacks along (derived) representable maps

and the property of being (derived) representable is stable under pullbacks. Thus, Lemma 16 implies
that the derived regularity property is preserved under pullbacks along maps of derived smooth
stacks and moreover if 𝐵′ → 𝐵 admits local sections, then the derived regularity property descends
along 𝐵′ → 𝐵. □

4.2. Step 1: Reducing to the regular locus.

Proposition 20 ([Pa2025+, Proposition 5.7.6]). Let 𝑊 → 𝐶 → 𝐵 be a quasi-holomorphic section
problem over a derived smooth manifold 𝐵. Assume that the map 𝐶 → 𝐵 is proper. Then the the moduli stack
Hol

𝐵′ (𝐶,𝑊 ) is covered by open substack Hol
𝐵′ (𝐶′,𝑊 ′)reg ×𝐵′ 𝐵 for some 𝐵 → 𝐵′ and moduli problems

𝑊 ′ → 𝐶′ → 𝐵′ over 𝐵′ pulling back to the original moduli problem.

Proof. The question is local, so it is enough to show this in a neighborhood of a poing (𝑏 ∈ 𝐵,𝑢 :
𝐶𝑏 →𝑊𝑏) in Hol

𝐵
(𝐶,𝑊 ). We want to show that this points lifts to some open substack of the form

Hol
𝐵′ (𝐶′,𝑊 ′)reg ×𝐵′ 𝐵 for some 𝐵 → 𝐵′.

For this we take 𝐵′ = 𝐵 × R𝑘 and the section problem𝑊 ′ → 𝐶′ → 𝐵′ is given by the pullback
of the original problem along the projection 𝐵′ → 𝐵 throwing out the R𝑘 direction modified as
follows. The map 𝜑 ′ : 𝐽 1

𝐵′ (𝑊 ′/𝐶′) = 𝐽 1
𝐵
(𝑊 /𝐶) × R𝑘 → 𝐻 is equal to 𝜑 + 𝛼 . Here 𝛼 : R𝑘 → 𝐻 is

a linear perturbation chosen so that the map R𝑘 → 𝑇 1
(𝑏,𝑢 )Hol

𝐵
(𝐶,𝑊 ) is surjective. This is possible
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because𝐶𝑏 is compact by assumption and𝑇 1
𝑢Hol(𝐶𝑏,𝑊𝑏) is the cokernel of an elliptic operator hence

finite dimensional. That is we have the following composition:

R𝑘 𝐶∞ (𝑊,𝐻 ) 𝐶∞ (𝐶𝑏, 𝑢∗𝐻 ) 𝑇 1
𝑢 Hol(𝐶𝑏,𝑊𝑏) 𝑇 1

(𝑢,𝑏 ) Hol𝐵 (𝐶,𝑊 )𝛼 𝑢∗
𝑏

FIGURE 1. Adding an extra direction to the moduli problem.

As a result we get a new moduli problem which pulls back to the original one and has the desired
regularity property at a given point. □

4.3. Step 2: Reduction to smooth bases.

Proposition 21 ([Pa2025+, Proposition 5.7.7]). Any quasi-holomorphic section problem (𝑊 → 𝐶 → 𝐵)
over a derived smooth stack 𝐵 such that 𝐶 → 𝐵 is proper is locally equivalent to a pullback of a quasi-
holomorphic section problem (𝑊0 → 𝐶0 → 𝐵0) over a smooth manifold 𝐵0.

Proof. We claim that by the derived Ehresmann’s lemma we can assume that the sections problem
𝑊 → 𝐶 → 𝐵 is the product of a family 𝐻0/𝑊0 → 𝐶0 with 𝐵. Now the derived manifold 𝐵 can be
presented as a limit along a finite simplicial diagram 𝑝 : 𝐾 → Sm. After passing to the cosiftedization
of 𝑝′ : 𝐾 ′ → Sm we get a cosifted diagram with the same colimit. Hence the functor𝑊0 × 𝑝′ is K-
acyclic. By the property of derived manifolds it means that the sections on the limit commute are the
colimit of sections. Hence, the map 𝜑 : 𝐽 1 (𝑊0/𝐶0) → 𝐻0 is a pullback of a map 𝜑𝑖 : 𝐽 1 (𝑊0/𝐶0) → 𝐻0
over 𝐵𝑖 ∈ Sm for some 𝑖 ∈ 𝐾 ′. Thus, we can assume that the section problem is given by the pullback
of a section problem over a smooth manifold. □

4.4. Step 3: Derived regularity over the regular locus. On this step we will do the following.

(1) We will provide (as it turns out) transverse pullback presentation of the moduli problemHol
𝐵
(𝐶,𝑊 )

over 𝐵 in terms of the sections moduli problems and show that this presentation agrees with base
change.

(2) We will use this result to show that the moduli problem Hol
𝐵
(𝐶,𝑊 ) over a smooth base in DSm

is a left Kan extension of the same moduli problem in Sm.
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Lemma 22 ([Pa2025+, Lemmata 5.7.7, 5.7.8]). Let (𝑊 → 𝐶 → 𝐵,𝐻, 𝜑) be quasi-holomorphic section
problem. If 𝐻/𝑊 is the pullback of 𝐻0/𝐶 , then there is a fiber diagram

(2)
Hol

𝐵
(𝐶,𝑊 ) Sec

𝐵
(𝐶,𝑊 )

𝐵 Sec
𝐵
(𝐶,𝐻0)

for all flavours of moduli stacks. Furthermore, if 𝐻0 → 𝐶 → 𝐵 is the pullback of 𝐻 ′
0 → 𝐶′ → 𝐵′ under a

map 𝐵 → 𝐵′, then there is the following fiber diagram

(3)
Hol

𝐵
(𝐶,𝑊 ) Sec

𝐵
(𝐶,𝑊 )

𝐵′ Sec
𝐵′ (𝐶′, 𝐻 ′

0)

Proof. For part (2) we observe the following. 𝐻 =𝑊 ×𝐶𝐻0 is a pullback both in Sm and DSm because
the pullback is transverse. Thus, we have the following formula for the section problem of 𝐻 over 𝐵:

(4) Sec
𝐵
(𝐶,𝐻 ) = Sec

𝐵
(𝐶,𝑊 ) ×𝐵 Sec𝐵 (𝐶,𝐻0).

Now, the holomorphic section problem Hol
𝐵
(𝐶,𝑊 ) is cut out as the pullback of the zero section

Sec
𝐵
(𝐶,𝑊 ) → Sec

𝐵
(𝐶,𝐻 ). The latter map is a pullback of the map 𝐵 → Sec

𝐵
(𝐶,𝐻0) by (4). Thus,

the diagram (2) is a fiber product of the two sections. This argument works for all flavours of moduli
stacks.

Hol
𝐵
(𝐶,𝑊 ) Sec

𝐵
(𝐶,𝑊 )

Sec
𝐵
(𝐶,𝑊 ) Sec

𝐵
(𝐶,𝐻 ) Sec

𝐵
(𝐶,𝑊 )

𝐵 Sec
𝐵
(𝐶,𝐻0) 𝐵

⌟

𝑤 ↦→(𝑢,0)

𝑢 ↦→𝜑 (𝑑𝑢 )

⌟ ⌟

FIGURE 2. Using diagrams we can phrase the argument for the first part of the
lemma as follows. Note that we are only interested in the two squares on the left.

For the second part of the lemma, we stack the following pair of square underneath the diagram
in Figure 2.

𝐵 Sec
𝐵
(𝐶,𝐻0) 𝐵

𝐵′ Sec
𝐵′ (𝐶′, 𝐻 ′

0) 𝐵′

⌟
⌟

□
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Proposition 23 ([Pa2025+, Proposition 5.7.9]). For any quasi-holomorphic section problem p over a
smooth manifold, the comparison map [Sm → DSm] !Hol(p)regSm → Hol(p)reg

DSm is an equivalence.

Proof. By locality of the derived regularity property it is enough to work with a linear model around
a fixed point 𝑝 ∈ Hol(p)reg over a smooth (by Proposition 21) base 𝐵. By Lemma 22 we have the
following presentation of the quasi-holomorphic section problem over the local smooth model 𝐵.

Hol
𝐵
(𝐶,𝑊 ) Sec

𝐵
(𝐶,𝑊 )

𝐵 Sec
𝐵
(𝐶,𝐻 )

Consider the cube induced by the comparison maps for [Sm → DSm] !. We observe that for Sec
𝐵
,

Sec
𝐵
, and 𝐵 the comparison maps are all equivalences (see Corollary 8). Thus to see that we have an

equivalence on Hol
𝐵
(p)reg it is enough to see that there is a fiber square in DSm as follows:

[Sm → DSm] !

©­­­­­«
Hol

𝐵
(𝐶,𝑊 ) Sec

𝐵
(𝐶,𝑊 )

𝐵 Sec
𝐵
(𝐶,𝐻 )

ª®®®®®¬
Observe that over the regular locus relative 𝐵 we observe that the comparison map preserves trans-
verse pullbacks. Hence, we just need to demonstrate that the fiber square we are considering is
transverse. By probing the condition with maps from log-smooth manifolds 𝑍 → Sec

𝐵
(𝐶,𝐻 ) we

get the following pullback square. It is transverse by the non-derived regularity theorem.

Hol
𝐵×𝑍 (𝐶𝐵×𝑍 ,𝑊𝐵×𝑍 ) Sec

𝐵
(𝐶,𝑊 )

𝑍 Sec
𝐵
(𝐶,𝐻 )

The result now follows by preservation of transverse pullbacks. □

4.5. Step 4: Global derived regularity.

Proof of Theorem 1. Bringing everything together according to our plan from Section 3 we get the
following proof of the derived regularity theorem. By Proposition 21 we can reduce to the case
of a smooth base. By Proposition 20 we can reduce to the case of a regular locus over a smooth
base. Finally, by Proposition 23 we get the derived regularity theorem as a consequence of the usual
regularity theorem. □

5. FINAL SPECULATIONS

5.1. Point constraints. Just as the derived regularity theorem is a formal consequence of the smooth
regularity theorem, the derived regularity theorem for a point constraint moduli problem is a formal
consequence of the derived regularity theorem for the unconstrained one. Below we sketch a proof
of this assertion.

Definition 24. Let 𝑓 : 𝐴 → 𝐽𝑘
𝐵
(𝑊 /𝐶)1 be a point constraint for a section problem 𝑊 → 𝐶 → 𝐵.

The moduli problem Hol
𝐵
(𝐶,𝑊 )𝑓 is the moduli problem of sections 𝑢 : 𝐶𝑏 → 𝑊𝑏 such that the

1Recall that 𝐴 maps locally isomorphically to 𝐵, i.e. it’s a local chart where we impose some condition on the jet of the
section.
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𝑘-jet 𝐽𝑘𝑢 : 𝐶𝑏 → 𝐽𝑘
𝐵
(𝑊 /𝐶)𝑏 agrees with 𝑓 under pullback to 𝐴𝑏 . Then we define the 𝑓 -constrained

holomorphic sections stack via the following fiber square:

Hol
𝐵
(𝐶,𝑊 )𝑓 Hol

𝐵
(𝐶,𝑊 )

𝐵 Sec
𝐵
(𝐴, 𝐽𝑘

𝐵
(𝑊 /𝐶))𝑓

Proposition 25. Derived regularity for a point constraint moduli problemHol
𝐵
(𝐶,𝑊 )𝑓 is implied by derived

regularity for the unconstrained moduli problem Hol
𝐵
(𝐶,𝑊 ).

Lemma 26. Assume that there is a derived regular pair of objects (𝑋,𝑌 ) on two topological sites C→ D.

Assume in addition, that there is a pair of coCartesian objects 𝑆,𝑇 in Shv(C) such that the morphism 𝑆 → 𝑇

is representable. Then the pullback 𝑋 ×𝑆 𝑇 is derived regular.

Proof. This immediately follows from Lemma 16 coupled with the representability assumption. □

Proof of Proposition 25. We need to show tha the conditions of the previous lemma are satisfied. This
is almost evident from the properties of Sec, since we are essentially just taking a product of the
submersion 𝐽𝑘

𝐵
(𝑊 /𝐶) → 𝐵 with a finite set (since 𝐴 is a finite covering of 𝐵). Thus the morphism

𝐵 → Sec
𝐵
(𝐴, 𝐽𝑘

𝐵
(𝑊 /𝐶)) is representable via a retraction/cancellation argument. This concludes the

proof of the result. □

5.2. Log-derived regularity. Yet to exist.

REFERENCES
[Pa2023] Pardon, John. “Representability in Non-Linear Elliptic Fredholm Analysis.” arXiv, December 30, 2023.

arXiv:2401.00184.
[Pa2025+] Pardon, John, “Derived moduli spaces of pseudo-holomorphic curves”, web
[St2024] Steffens, Pelle. “Representability of Elliptic Moduli Problems in Derived 𝐶∞-Geometry.” arXiv, April 12, 2024.

arXiv:2404.07931.

https://arxiv.org/abs/2401.00184
https://johnpardon.com/holomorphiccurves-2025-04.pdf
https://arxiv.org/abs/2404.07931


#
Anda:Extractingenumerative invonicents-
-

Goal: Find some process ofass
,

to a denied smoothwi a

=

"count" (x]vin
-

devel
#sumptions : Every sweeth wfll/orbifold is a tuple of the form :

X = (t
,

E
,
s

-101

> X ispopes IS (6) 1 is compact

104 = d

& We have 2 operation



(i) Restriction : of MC I open weight.

5.10) then have

Cu . Elnc Stu
(ii) stabilization : of p :2-> T is an vintable then here

(w
,PE, p+W , pastNw)
Estexample : given a X= (T

,
E

,
S) is in DSm of vidin= o

1/

dimT-nkE
.

Portlto a nearby St. I regular
[x]

Viz
:= "(0) (If non-oriental (#) Foriental
-

Emb If (T,
E

,
S) is a derived abifold a sindos argument doesn't

workequinariance down it ! ) - use multivated perturbations

↓if X is adrivd abifold of weg .

vint
.
dimension?



Reall : the balism groups of a top . Space Q one given by

CIM
, fiM +Q)/ MEN of GW = M-N

↑
closel

We can enhame this by introducing one colitional (torgential (str-me.

1) OrientelR
2)host complex &* C TMDEK

3) Framed Galism &Fr It
*

Rnk: We have a natural map
=

1-Jf : 28-
X- X

We can have RiFO for ko



We cer lefire ch
We can define lived rbifold Carlism. Alsep .) Obispons is a stack

(inTop) admitting on Stole offers Q+ QXQ is pope.

If The With denied Obfold Genism
group ofQ is

dro(Q) = ((T
,
E

,
s) :T- Q3/n

S'1O1 is compet
.

v.lime =k
,
fis seprsentable.

there we mad out the following relation :

genate - by restriction , stabilization a being balaut.

&: ((T·
E

, Sif)] = ((T: El ,Sif) 1 if they're
aboulant after stabilization and restriction.

Lami The can map oh B-dRB is an ey .

(Spirok)
= A A

&D do



#f: given
adrive will we can putul sto a traverse I

which is 15 " 10)
,f] honotopic = ((T

,
E

,
S

. fi] = ((,E ,
5

,f)) .

&ul : we can have 1200 +0
B

K

Ex ((BG ,
V

,
0)] = deve,i

*

↓ or
,
i

(&, v9 ,
0)] da

-dieVG

conten IfV 70.

Ruck: We haven't computed o (yet) = to be able to counte suth
-

we need a nap

128 - RX
Th LAboryaid-Blumberg] There are mage id&-H1-;/)

*
Bai - Xu

his 1900-H
+
-; 2) .



Thi (Aboyaid - Bai] There's a map which gives a splotting of the
form

Rudra,
-

S[
A

Ef active : This splitting is love by
① Going from derived orbifolds to rbit. using FOP perturbations

① Resolving the singularities of the u

Using functorial resolu of singularities #
thinot anapofking sta! This is becomesolving singul.

of aproduct I resolving sing,
separately.

G : this allows me to define Gadism-valued Gomo-Witten
-

-

-imaniants.



&
G2. Flor theory

33 . Complex wbrlism

S4 .

Flow categorie.

.htry way
> HYX;2) = (X; K(2 ,

u)] = IX
,
K(G

,
nml] = LEX

, Kaun]
=+

(Xj6) .

2k(Gu+1) = ((G
,
u)

&ef : At spectrum R is a sequence of spaces set .

----

-ResRocke <Rz....
The -Loopsie of R is Ro.

(Ri = &Rite(



GE"Sies"

Eat : There is an operation SprSp=-Sp

#Suspectrum is a sp . v/c map RnR-> R (which is

htpy assoe/
Refi Amesken is an algeta over the nowed comm)

Rn - for a given zing spectrum R.

-S2. HoeetheoeHf
, Fubaya categories.

fixetz

-

CF
*
(X
,H)- HF*

(X) .



E One Hamiltonian orbit inclegue 02 1. .

Consides

CF+(X;)

(2) +Coonemi
<BL

T
nohlispeof

B carres between

-
,y(x ,p)I20=ecolim ↳
-

o

Il
-

-

--o HF(Xjt)
-m (c

,
x)= m(x

,p) xm( , 2)



93lex Gadism

The classifying space fo stobly complex (k) is the geou realy

of a simplicial setw/n- simplice given by M"n*
M is stably almost complex.

# for each 1 MH-p one given by 14-D=*=

closed stably best complex k-manifold.

2-simplex in Mlo.

=
↳

Fr 04 i A



The RMH o
=MH-1

-of (MU.

= 1 D- MolGD- *3 = GMREAM) -"Cri=
=38

EhMx* = (MM-u)0
.

is

Jef Stably complex badism spectrum M1 is <MHm3.
Fort: MI is a viny spectrum given by product of monfalh.=

Let R bearing suctum Then End pR =Ry = R
*

R.

& Endp(R) = Hour-mod(R,M) = Homsp ($ ,
1) = Kompsit

= Hou
Sre

*

(5°,M) = Ro
.

G Every o-lim stably complex nafoll gives on endomorphish of Mr.



# M1
,81 me Upp : MM+ MU .

-
Ebly) Cretneeded

↳ Let N be a s
.
c

.

m. oflim 1st. GN= M defines a lotpy
in MH-Hod between Yp and 40.
54TCategory inc-ind=1

-

Suppose we have 3 critical points a
,
b
,C

-

ind-inl= 1

M(a
.
6) & M(6

,
c) are thus both o-lim.

By the corollary theginale maps Uncab , 1 TM38,I

lands 126
- ↓em (a

.0↓ Yu (a
,
63 x10,

O - Mys



· M(c
,
c) is stal complex of him 1

2 Enca
,
x =m(a,b) x m(b,

c)

(
Misa- My

(clim 1to = Floeshtry type 12-Mod.

·
# Ris complex oreted of there is a map MU-D.



What'snext? (Hino2 John
M Kontserich
=1x

Preheat
conjea

Seidel's plans
CJAMS 2024) P

.
Seidel

Symp
. ELI .PDES Terivsegulmity

2009

Geom

-- Algebra
Log .

Ac
&Su

Geom. suds Guj (ICM1994 >
Kontserich's HMS)

Stssume X is a complex Kahle wfld...

I Lags
Hat

Then 7 X" a complex Kahles s .t
.

->Fuk(X) <
-

- -Ch(X)
Parf(R)-



56h(X) Fub(XY(
???

> R is commonal sense
=

>I is non-commentative -Stillmas
A-model

·
sense

Ful(X) -- S
# Hanlon-Hicks-Layev

(2024
,
Form Pil

Trad-uswiaMS

Similarly ifwe to this over $(02 M2)
B-side over $ isstall
mysterious.



Slication When does a spectio ulmits aring stautue?

- (ENc NelliOT)
--

is awing
p

$ o $-/S (More spectrum)
-

not amital sing p=2

notEy
,
#z p>

Ofolism
than

erepmachisms
GES

spamed by */ for G cut Lie group In your choice.
"Orbispas" live

. analog of Spc) = P((tBG))= Fun SABG Sp)
G+3

= "Fre X-rocompletion of SBG4224" :e.
butt

from IBGX (DY, aD") w/representable attaching maps.



& I(X) = boslism of d-civil obifalls representable over X.

abispae
Orispectresdo(X) ... -

dental -name-

↓
Contristly the virtual weath Guille 3 ou X to get R& (X*E
② balism of lesee ortfalls over X w/virtual target
bunelle 3

Xc SpaWCarlisms oforifolds over X.

Ma(Ri(X)) Spe -> QSpc (i
,
R) culj

nig
R

The /Worsesman
,
Parlou) Orbifold Jolism h is a version of

-

&les/ targential structure.



Assemblinginvariants neziodized
- Spectur of

stablyM-o2.

Comitu the SM &-cut
.

Cw/ obj· Fin sets #les .- -

L

m
Home(S,T) =024 res > MTTMS)

[T
sur dual-in anabip-re
- -

Mx =modelistant of opt would gewedigert Rienau surfcues
↓

&
⑧

we allowfinal collapses.
=

D

XSet
=

-3⑰ X+ classifying spare of der. Orb.Fallsa
Xu/target Gundle 3.



Mpy *Maur-Mpar wein 21Q1 immension.

S
MER-MIR XM-TQuR
Claim: Fix a compactlymp , Ifhl W .

The coll ofwere

Esst (W)- MsUT
didsmooth wil
-

defines a SM functor C- Sp ↓ "quantum product".
A +- 20. ww

e
.g .

take S = (x ,
* ) <
T= <*) DNRUR(MT) -HomI




