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Questions ?

Reminder :I ab . gp. A ,
have a functor called homology :

X↳ (Hn(X ;A)) n = O

f :x4 (f : Hn(X ; A) -> Hn(Y ; A) nec
Theorem : Existence of MV Sequence
Let 54

,
V3 be a two-element open cover of X -

Then
,
En = 1

,
7 gp . homs. 8 : Hn(X) + Hn- (Unv)

fitting into an exact sequence
L

... - HuCUnv) - Hn(U)Hn(V) -> Hn(X)
a +> ((ju) +a

, (jv)+ a)
(b , c) + (in)xb - (iv) * C

W V ju : Unv -> U

und ju : Unv -> V

inclusion maps are cts.

in : U - X->S in : V -> X

~
Hm , (Unv) I ...

!

Ho /UnV) -> Ho(U) # Ho(V) -> Ho(X) -> O

Reminder : "Exact" means the Kernel of each map
is the image of the previous map

Example : Suppose X = A HB (as a space , meaning there
is a topology on this set ; UCX is open
Un A

,
Un B are both open (in A ,

B))

Then
,
EU = A

,
V = B3 is an open cover .

And Unv = 0 .

↑O by exactnessRUrUHCMGHC Hi&= 0 map this must be E
↓ O

O
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Review Day!
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Here we are using the axiom that all the homology groups of the empty set are (isomorphic to) the zero group.



Prop : If f : X+ Y is a homotopy equivalence , then
fx is an isomorphism

homotopic to"
Fact/Axiom : If fEg"", then fx = G +
Definition : f-giff] Continuous H : X x [0 , 17 -> Y

s .t - H(X ,
0) = f(x) and H(X, 1) = g(x) , Ex

Definition : f : X -X is a homotopy equivalence iff
-g : Y + X st . gfvidx and fguidy
If and g assumed continuesa

6 . 4 . 4 (Proof of Prop)

By axiom (9f) + = (idx)+ = idHn(x)
Sof* (since induced maps respect composition)

*** 9* = (fg)* = (idy)* = idHn(v)

Why are these homotopy equivalences ?

i : X -> X x [0
, 1] jt : X-> XxIR

x + (X
, t] x + (X

,
t)

Prop : Vtoe [0 ,
1]
,
the function X -> Xx [0 , 1]

x + (X , to)
is a homotopy equivalence.

Lemma : Ftc [0
, 1) , pt

-> [0
,
1]

①

* t
↳

is a homotopy equivalence.

Proof : pt -> (0 , 1] -> pt is idpt
OTOH

,
Consider H : [O

,
1) + x [0 , 1]s -> /0 , 1] +
|t

, s) +> /1-S)to+St

Lemma 2 : If g : Y -> Y' is a homotopy equivalence ,
- XthenV
-
XxY +**) Xxy /

(x , y) +)(X , g(y))
is a homotopy equivalence

Proof of Prop : Combine lemmas

Hiro Tanaka
X \simeq Y is our notation for “X is homotopy equivalent to Y.”
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Next question: Why are i_t and j_t homotopy equivalences?



id te
,

x x p+ E X -> Xx [0 , 1)
(X,*),(X , +d)

Graphs

Definition : A graph is a shape made of vertices and
edges.

Ex :
⑥ (1 Vertex)

--

C (1 Vertex
, l edge l

-· & (2 vertices
, ledgel

Cof 11 Vertex
,
2 edges)

②

O

O

-DO
These are topological spaces (they are drawn in IR2,~

soInherit subspace topology)

can we compute Hn(X) for X a graph ?
nonempty

Proposition : If X is a tree/graph with no cycles)
then any inclusionpt -> X is a
homotopy equivalence.

Idea : Any tree admits a root. .
Can homotope everything to a point (i. e.
flow into the root from every vertex

So
, homology groups are same as pt.

Ex : X = 0 Figure 8 graph

u = Oo = T - S'

3
can
contract

V = · = = S antennae- ⑱ to circle

Unv=. I Pt (can contract into point
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5 vertices, 4 edges
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2 vertices, 3 edges
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Warning: We won’t give a precise definition of a graph until later in the course
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Remark: The spaces don’t “know” a priori that certain points are called vertices.
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Remark: Some graphs are not planar, so must be embedded in R^n for big n. For graphs with finitely many vertices and edges, their topologies are independent of these embeddings.



O

auauGHaltat eO * A A + A
Ker (A)= image

O

# A A A
a > (a

,4) AGA/A

Hn(X)=&An
= 2

E n = 1

A n = 0

Pants

/E--
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Note: The pair of pants is homotopy equivalent to a figure 8. (The green circle in the middle should be a figure 8.)


