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Review Day!

2l1a)ay

Guestions )

Remindec: ¥V ab. p- A, have a fun ctor called homology -
X Hg (Rn (X8 )pnz0 E

crs.
Loy=y — (e Hn (X, A5 B (Y M) nas

Theorem: Evistence of MV Sequence
Let 2U,V3 be 4 Two- element ppen cover of X.
Then, \/Y\_El, 3 gp- homs. d: Ha (%) = Ha-, (Un V)
fithing 'mto an” exdact Sequence .
S =2 Ha(UnV) 2 Hp (WD® Hn (V) —— Ha (X)
a = (([(Wxa, ((Dxa)
(b\ D) — (iUD)gb"(lv)%Cf

Jv : Unv—>vV
inclusion maps are Cts.

S
C_((unvﬁ Soo

Ho(UaVv) — Ho (W ® HolV) — Ho(X) — O

Reminder: "Exact” means the kernel of each map
s the image of Inhe previous map

Example: Suppose X = ALUB (as aspace, meaning Trere
& 2 dopology on this set-; UeX 1S open &
UnA, Un B ave both openn (in A, B

Then, 2 U=A, V=R Z Is an open Cover.
And UnV =.

rphic to) the zero

Here we are using the H\“/‘AV) — H\(U)G')H\(_\/) ) > H\(\(S
that all the O M
gy groups of the 8:0 map s must be <
Y osetare G Hy(UnV) —> HolW® Ho (V) 2 HolX) — O
O
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Review Day!
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Here we are using the axiom that all the homology groups of the empty set are (isomorphic to) the zero group.


Prop. T£ £:X=Y is a homotopy equivalence, then

‘. 12 an ISormorpnism
"i1s homotopic to®

Fact/Aviom: TH £5q, 4hen fx =gy

Detnition- “0“5& & 3 ConbBnuous H:Xx[o1]—=>Y
st: HX,0) =€(x) and Hix,1)=g(x), VX

Definthon: £: X=Y is o homoto Yy equivalence R
_ _ aﬁ‘\/%x St g'ppf\fid)c and 'pci“-’idy
:1<ot\:![riT:)enq fIrlﬁxo?Sr (£and q assumed ~ tontinuous)

homotopy equivalent to Y \/

Y.
(0-4.4 (Proot of Prop)

By axiom (ij)* = (idyD¥ = 1du
9 fy  (Qince nduced maps respect composihon)

£ 0 g, = (FDs = (idy)x = 1duer

ext question: Why are i_t and j_t homotopy equivalences?

lohy are dhese )’\DmO‘]'DpL,i equivalences?
X — Y x[0,17] g X—> X xR

L, :
¢ X — (4 t) Y = (X E)
Prop - Vite [0,17], the funchon X —=> X x[0,\]
X+ (X &)

IS A homotopy equivalence .

Levormma @ Ve [D, 11, pt—L[o]
*F — .

le a homotopy €quivalence .

Proof. pt — [00] — pt is idps
OToW, Consider H: o], x [o,1]g— (00T,
(E,3) —— (1-8)t .+ s+

Lemma Q- T4 q Y=V i3 g homotopy equivalence,
Thewd VX, XxY ddm Y« V!
(hy) — O, glg))

s & homotopy equivalence

Proot o Prop - (ombine lewmas
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X \simeq Y is our notation for “X is homotopy equivalent to Y.”
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Next question: Why are i_t and j_t homotopy equivalences?


WAt
Uxpt 2 X —Xx[o1]
S IRD Y > (%, )
w
Warning: We won't give
a precise definition of a
CTY'& Eh& graph until later in the
course
Definihion = A graph is a shape made of vernhces and
e ges .
Ex: . () vertex)
@) (| vertey, | que)

(2vernces, ) edge)
(\ vertev, & edges)

o—o
Remark: Some graphs are

5 vertices, 4 edges not planar, so must be

embedded in R*n for big n.

For graphs with finitely many
vertices and edges, their
2 vertices, 3 edges topologies are independent
of these embeddings.
These are fopological spaces (they are drawn m B
So nherit subspace topology )

Remark: The spaces

CaY\ we COMPU'\'Q Hn (,X> 'lDO\" X a eraPh 7 don't “know” a priori

that certain points are
noneme called vertices.

Proposition: If X 1s a Tree (graph with no cycles)
then any Inclsion” pt = X 1s a4
homo—rop\j equwvalence .

TAdea: Any Tree admits a root.
Can hOmO‘l‘Dpe, &uenfﬂn{na o a po'mt (i.e.
flow into $ne root O eve_ni vertex )
S0, homology groups are Same 43 pt.

Ex: X = (XD Rqure 2 graph
u- O% - SO = s

-~ - (ontrac+t
antennae

LETO \
— = ( >{ ) ~ &
v @ - o Cc\wrele

Unv = X = Pt (Can cowrract into pont)
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5 vertices, 4 edges

Hiro Tanaka
2 vertices, 3 edges
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Warning: We won’t give a precise definition of a graph until later in the course

Hiro Tanaka
Remark: The spaces don’t “know” a priori that certain points are called vertices.
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Remark: Some graphs are not planar, so must be embedded in R^n for big n. For graphs with finitely many vertices and edges, their topologies are independent of these embeddings.


Ha lunv) —> Ha(uUC)@) Ha (V) —> Ha(b

O
¢ H (un\/) — B ® BHiv) = B 00
A@ A A@A 2evro map

vev (A)=1myrR

«f\—\:(gn\/) Ly WO ® Holv) —> Hy (V) — O

A D A A
a — (@a,a) ADA/,
O n=23
Hn(.*ﬁ & %A@A Nn=\
A n=0

Pants
]
(5

Note: The pair of pants
is homotopy equivalent
to a figure 8. (The
green circle in the
middle should be a
figure 8.)

Y

gl
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Note: The pair of pants is homotopy equivalent to a figure 8. (The green circle in the middle should be a figure 8.)


