Reading 13

Quotient spaces

Note to readers: Most of this lecture will actually be a group activity. So you
really must do this reading to get the full idea of quotient spaces.

13.1 The Cool S

Amazingly, even students now-a-days have heard of the Cool S.! An algo-
rithm for drawing the Cool S is depicted in Figure 13.1.
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Figure 13.1: How to draw a cool S

So, pop quiz: How do you draw a cool Q7

Most students don’t know.

What we realize is that the “Cool S” gives one very specific algorithm for
drawing one specific cool S. But really, there are hundreds of ways you could

!Seehttps://en.wikipedia.org/wiki/Cool_S for example.
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draw an S in a cool way. Moreover, when we just memorize the usual Cool S,
we are not being creative. We are not being asked to imagine how we might
draw a Cool Q or a Cool R. We are content only with an S.

Many of us have received a math education that feels like learning the
Cool S. This kind of math “education” feels like memorization; like just
repeating some thing that we are told to repeat.

A math major is not like this. Nor this class. Writing a proof is not
drawing the Cool S. Writing a proof is being told: Draw a cool Q. There are
many answers, and you must explore, be creative, try, fail, try, fail, try, and
ultimately succeed, to complete the task.

13.2 Content for today

Suppose that you are given a topological space (X, T). Remember, this means
that you are given a set X, and a topology T—which is a way to declare
certain subsets of X as “open.” (The word “open” does not inherently have
any meaning; it is T that contains the meat.)

It turns out we can construct a new topological space by “gluing” some
points of X together, or by “identifying” them (meaning that you declare
some points to “become equal”).

This new space is called a quotient topological space. We'll learn in this
reading how to create these.

Example 13.2.1. Here is an intuitive example: If you take a shoelace, and
you fuse the two plastic ends? together, you get a loop.

Mathematically, if you model the shoelace by the closed interval X =
[0, 1], the process of fusing the ends together can be modeled by creating
a new set by demanding that the points 0 € X and 1 € X “become the
same.”The resulting space will be denoted X /~.

This quotient space will have the property that you can continuously walk
along X/~ in circles.

13.2.1 The quotient topology

Definition 13.2.2. Let (X, T) be a topological space and fix an equivalence
relation ~ on X. We let ¢ : X — X/~ denote the quotient map. The

2The plastic caps at the ends of a shoelace are called “aglets.”



13.2. CONTENT FOR TODAY 3

quotient topology on the quotient set X/~ is defined as follows:
A subset U C X/~ is open if and only if ¢~ (U) is open in X.

If you've tried to define things before, the above definition is natural.
But if you don’t have that experience, the above definition may not seem
motivated. Well, here is a theorem that motivates the definition:

Theorem 13.2.3 (Universal property of quotient spaces). The quotient
topological space X/~ and the quotient map ¢ : X — X/~ satisfy the
following properties:

1. ¢ is continuous.

2. Suppose we are given a topological space Y and a continuous map
f X — Y, satisfying the property that x ~ 2/ = f(x) = f(2/).
Then there exists a map f’': X/~ — Y such that

(a) f’is continuous, and

(b) floq=1/.
3. Moreover, f’is the unique map from X/~ to Y satisfying the two above
properties.

Remark 13.2.4 (What are universal properties good for?). Universal prop-
erties are supposed to allow you to be lazy (in a good way). A less judgmental
word would be efficient. Usually, it takes a lot of work to define a function
and prove that it is continuous. It takes even more work if you construct a
new topological space and don’t have much of a feel for this new space.

Well, X/~ is a new space, so you might not have a feel for it. But it’s
easy to construct continuous maps whose domains are X/~.

Why? If you understand X, then you often know whether a function
f X — Y is continuous. (For example, if X and Y are Euclidean spaces,
you have lots of examples from calculus.) What the universal property says
is that you just need to check one condition to make new functions out of
X/~: Test whether f(z) = f(2') each time x is related to a’.

If the function f passes this test, then you automatically are guaranteed
a function called f’ which has domain X/~ and codomain Y. This X/~
is the mysterious new space, yet you have a concrete tool for constructing
functions out of it—just find functions f that pass the test.
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Remark 13.2.5. This was also the utility of the universal property of sub-
space topologies. Both S' and S? are beautiful shapes and spaces, but as
topological spaces, they may seem abstract and it may seem hard to con-
struct continuous functions into them. Well, the universal property of sub-
space topologies makes things easy. If you want to make a continuous map
to S2, all you need to do is construct a continuous function to R3, and check
that the image of your function is inside S2.

13.3 Exercises

Exercise 13.3.1. Write down the equivalence relation on X = [0, 1] that
declares 0 and 1 to be equivalent (without making any other identifications).

Make sure you can do this using ~ notation, and using a subset R C
X x X.

Exercise 13.3.2. Let X be a topological space and ~ an equivalence rela-
tion. Show that the quotient map ¢ : X — X/~ is continuous when X/~ is
given the quotient topology.

Exercise 13.3.3. Let X be a topological space and let R = A be the diagonal
equivalence relation. Show that the projection map ¢ : X — X/~ is a
homeomorphism.

Exercise 13.3.4. Consider the function j : R — R? given by
J(t) = (cos(t),sin(t)).
You may take for granted that j is continuous.
(a) Consider the interval [0,27] C R. Show that the function
j :[0,27] — R?, t — (cos(t),sin(t))

is continuous. (Hint: Use that 4jg o5 is continuous, and that compositions
of continuous functions are continuous.)

(b) Define an equivalence relation on X = [0, 27| be declaring that

t=1t
t~t = {t=0andt =27
t'=0and t =27
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Prove that the function
i X/~ — R [t] — (cos(t),sin(t))
is continuous. (Hint: Universal property of quotient spaces.)
(c¢) Prove that the function
J" X~ — St [t] — (cos(t), sin(t))
is continuous. (Hint: Universal property of subspaces.)

(d) Prove that j” is a bijection.

In a later class, we will see that j” is a homeomorphism.

Note that, not once did you have to know about open sets or the definition
of continuity in the above exercises. The universal properties make things
automatic.

Exercise 13.3.5. Give R the standard topology. Define an equivalence re-
lation on R as follows:

t ~t <= For some non-zero x, we have that tz = t’.
(a) Verify that this is an equivalence relation.
(b) How many elements does R/ ~ have?
(c) Write down every open subset of R/ ~.
(d) Is R/ ~ compact?
Exercise 13.3.6. Let A C R? be the subset

{(x1, z2) |z1, 22 € 0,1]}.
(A is a square region.) We endow A with the subspace topology. We let
0A = {(z1,22) € Alzy=00rxz; =1lorzy=0o0r z5 = 1.

(OA is the “boundary square” of A.)
Define an equivalence relation on A as follows:

r~XT ,
r =X.

{both x and 2’ are in 9A  or
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(a) Prove that the above is an equivalence relation.

(b) Do you have any guesses on what well-known space A/ ~ is homeomor-
phic to?

Exercise 13.3.7. Let A C R? bed the subset
A =10,27] x [0, 7] = {(x1,x2) | 21 € [0, 27]|&2z5 € [0, 7]}.
Consider the function
f:A—=R? (21, 22) — (cos(za) sin(zy), sin(xs) sin(xq), cos(z1)).
Let ~ be the equivalence relation on A given by
r~x = f(x)=f().

Do you have any guesses as to what well-known shape A/ ~ is homeomorphic
to?

Exercise 13.3.8. Choose a subset A C X x X. Show that there exists a
smallest equivalence relation R that contains A.

(Hint: Show that the intersection of equivalence relations is again an
equivalence relation; then take the intersection of all equivalence relations
that contain A. By the way, how do you that there exists at least one
equivalence relation that contains A?)

We sometimes say that R is the equivalence relation generated by A.

Exercise 13.3.9. Consider the quotient set
X = ([0,00) x (0,1)) /~

where we declare (0,s) ~ (0,s") for any s,s" in the interval (0,1). Let 8 be

the topology where a subset U C X is open if at least one of two conditions

hold: (i) the equivalence class [(0, s)] is an element of U, the pre-image of U

in [0,00 x (0,1) is open in [0,00) x (0,1), and the pre-image of U contains

[0, €)% (0,1) for some € > 0. (ii) the equivalence class [(0, s)] is not an element

of U, and the pre-image of U in [0, 00 x (0,1) is open in [0, 00) x (0, 1).
Show that § is not the quotient topology.



