Reading 4

Unions and intersections

4.1 Unions

I know you’ve gone over this in a previous class, but I want to be explicit
about unions of sets. We'll talk about some very special kinds of unions,
which we’ll see in topology class all the time. It’s not intuitive at first, but
you’ll get used to it with some practice.

4.1.1 A-indexed collection of subsets of X

Let X be a set, and P(X) the power set. (As a reminder, P(X) is the
collection of all subsets of X. It’s a “bag of bags.”) We'll let A be some other
set, and choose a function

A — P(X).

Concretely, for every element of A, we specify a subset of X. Some call this
a “A-indexed collection of subsets of X.” It’s also a way of labeling subsets
of P(X) (certain bags) with labels taken from the set A. In this class, we
will often denote elements of A by «, and we will denote the subset specified
by a (via the above function) to by U,. So the above function sends

a— U,
Some people will, instead of writing the function above, be lazy and write
{Ua}ae./l-
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This is technically a less robust notation, because the collection {U,}aeca
loses information if A — P(X) is not an injection. But you don’t need to
worry about this point, it won’t make any difference to us.

Example 4.1.1. Let X = R. If A = {a,b,c} is a set with three elements,
then a function A — P(X) is simply a choice of three subsets of R. These
three subsets will be called U,, Uy, U.. And when we write a € A, this just
means that a could take on the values a, b, or ¢. In many of our examples,
when X = R, we’ll often take each U, to be some open interval.

Example 4.1.2. Let X = R again. We will let A be the set of all pairs
(x,7) where z € R and r is a positive real number. So A is a subset of R2.
In terms of formulas,

A= {(z,r)|r >0} C R%.
I will now define a function
A — P(X), (x,r) = (x —r,x+7r)

sending an element o = (,7) to the open interval centered at z and having
width 2r. So

Upy=U,p=(x—r0+71)CX.

In words, I am simply observing that for every pair of numbers x and r, we
can define some open interval with center x and radius r.

Believe it or not, this notation is meant to be convenient. We’ll often
want to play with many subsets of X at once. And for our sanity, we’ll want
to be able to communicate which subsets we're talking about, i.e., give names
to these subsets. The elements of A allow us to name the subsets. To each «
is associated the subset U,. You can think of o as the name, or label, given
to Uy, if you like. And A is just a big set of possible names.

And often, we’ll choose “names” that actually describe something about
the set. For example, if I want to describe an interval (z —r,z+7r) C X =R
centered at x and with radius 7, I might just name that interval “(z,r). ”
So for example, below we'll see notation like U, , = (z —r,z +r) C R.
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4.1.2 Unions of collections of subsets
Now suppose we have fixed a set A, a set X, and a function
A— X, a— U,.
Definition 4.1.3. The union
UU.cX

acA

is the set of all elements of X that appear in at least one U,. In set notation:

| Ua := {z € X | there exists some a so that z € U, }
acA

Example 4.1.4. Let X = R. Let A = {a,b, ¢} and define
U, = {0}, Uy = (-3,3), U, = [2m,3m).
The the union is
U Ua =000, UU. = {0} J(-3,3) 27, 3n).
acA

In terms of pictures, this union looks as follows:

-3 3 27 3T

Example 4.1.5. Let X = R, and let A = {(z,7)|z € R,r > 0} C R
Define, for every (z,7r) € A

Ugry=(x—r,2+71)CX.
Then

U U,

acA

is the union of all the intervals (z —r, x + ) for varying choices of x € R and
r > 0. Claim: This union is, in fact, the entirety of X = R.

First, take a moment to try to convince yourself of this claim.

Now, how would we write a proof of this statement? Remember that to
prove two sets are equal, the most efficient way is to show that each is a
subset of the other. So we must prove two statements: X C U,ecq Uy and
Uaea Ua C X
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o Proof that X C Upeq Ua: Let z € X = R. Choose any r > 0. Then
clearly z € (x — r,x + r). In particular, choosing a = (z,7), we have
shown that x € U,. Hence zx is in the union.

o Proof that Uyeq Uo C X: This is clear, because a union of subsets of X
is still a subset of X. More pedantically, if z € U,, then U, C X —
x € X. So every element in the union (which is necessarily an element
of U, for some «) is also an element of X.

4.2 Intersections

As usual let’s fix a set X, a set A, and a collection {U, }aca-

Definition 4.2.1. The intersection

(1 Va

acA

is the set of those x that appear in U, for every a € A. Put another way,

(U :={z € X|Va €A,z eU}.

acA

Remark 4.2.2. Note that even if each U, is not empty, it is (very!) possible
that the intersection is empty.

Example 4.2.3. Let X =R. Let A = {a, b, c} and define
U, ={0, 1}, Uy, =(-3,3), U.=1[1,5]
The the intersection is

U Ua=0.,00,0U. ={0,1}J(-3,3)J[1,5].

acA

The only real number inside all three of U,, Uy, U, is the real number 1. So
the intersection is the one-element set {1} C R.

Example 4.2.4. Let X = R, and let A = {(z,7)|z € R,r > 0} C R%
Define, for every (z,7) € A

Upry=(x—r,2+71)CX.
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Then

M Va

acA
is the intersection of all the intervals (x —r, z+r) for varying choices of z € R
and r > 0. Claim: This intersection is the empty set.

To see this, I have to show that there is no real number y that is contained
in every interval of the form (x—r, z+r). In other words, given a real number
y, I need to exhibit an interval (x —r, z+1) in which y is not contained. This
is fairly easy. For example, choose any real number z # y, and let r = |z —y|
be the distance between z and y. then y is not in the interval (x —r,z+7). In
fact, you could have also chosen r to equal |z —y|/2, too, if you wanted. You
don’t need to choose an “optimal” 7, you just need to find one that works.
Here’s a picture if you chose r to be half the distance to y.

ly —=|/2

"

x y

Here’s the picture if you chose r = |y — x|. Note that y really is not inside
(x —r,x+r):

ly — |

-
X

4.3 Get started on the homework quiz prob-
lems

If there is still time left in class, start working on the homework for this week,
looking at the “quiz” multiple choice problems. Make sure you can draw the
sets in question. Don’t just try to take this quiz on the fly; you’ll need to
work out the answers ahead of time, else you probably won’t have enough
time on the quiz.



