
Questions : 10/24/23
3 .) If X is Harsdorff

,
then the diagonal of X is closed .

~ of Hars I D NOT closed

A closed => Hars

3) If the diagonal is closed
,

then X is Hausdorff .

6 . ) Not Hars > b Not closed and 1 Not open

=b . ) [

the contrapositive of "p=t9" is "g-p" ("Notap
Coutmpositive of 6

.) If A is closed or open than X is

I avsdorff
.

Today
:

Metric Spaces
In formally

:

A metric space is a set X equipped with a

way to measure "the" distance between any two points of X .

to be able) to give a distance to any pair of points is to

give a function di XxX -> i

(x
,
x) +- d(x , x)

satisfying : (Non-degeneracy)

=>

x
=

x
!!*xxX ,

d(X
,
x) = 0 AN Ax

, xeX ,
d(x

, x) = 0

(symmetry)
2) Yx

,
xtX ,

d(X,
xi) = d(X)

,
x)

striangle Inequality)
I

3 .) Fx
,
x

,
x"

,
d(x

,
x) + d(x)

,
x") - d(X

, x") ~
-

②i
+ 2 = 3

①
↓

Definition! A metric space is a set X equipped %
x8 > X '

with a metric d
. We often say that (X

, d) ③

is a metric space or that X is a metric space (leaving & implicit):



Ex
:

Let X= iR"
,
and d:lic"xIR" ->i

~

-*

I · ------------X

(x
, x) ->- -

This is called the standard metric .

ElX : -xi)

-

-
O

Proof 1.)
:

Clearly d(X , x) = 0
.

0. the other hand
,
if d(X , x') = 0

then E
,

IX: -xi)= 0
.

So Fi
, xi

= x : x = H ·

Proof 2 .) : d(X , x) =x(x: ) =x- x: = d(x
, x)

Proof 3
.) : "d(X ,x") = 2(X :

"
- xi)

2)(d(X
,
x) + d(x

, x") = [(x: - xi) + [Lx:"- x !) + 2d(x , x))d(x, xi)

TBD

If you grant me b
.) for mil

!

Note that three points X
,

x'
,
x'X in

ic" (n=3) determine at least one plane containing X ,
x

,
X"

-

(Only for

standard
x* matric)

>X

yo

Ex :

Let X= iR"
,

and d : "XLC" -> IiC

1x
, x) 1 > max /x:-x : 1

i =I , . . . , n

This is called the 18 metric on Her
.

n
=

3 : x = (7 , 12
,
1) x = (1

,
0

, 4)

d
,
0(x , x') = max8(1 - 71

,
10 - 12)

,
14 - 114 = max86 ,

12
, zb

=

12

Definition
!

Let (X
,
d) be a metric space . Fix xGX and ~I with 20

.

the open ball of radius centered at X is the set satisfying

Ball (X , 2) = x'eX/d(X , x') < rW
.



Definition
!

Let (X
,
d) be a metric space . The metric topology on X

Lor ,
the topology induced byd) is SUCX/U can be written as a

unioe of open ballsh

2Ex
:

Let X = + : 10 , 13 + 1 If is continuous

+ I Define d :

xxx -> IR

· g(x)I proposition : a "WeinSo
- flax

08 i 08 i (L'metric or X (

Proof 1.)
: If + =

5
,
d(t

, g) = S.(g(x) - f(x))dX

=I' 0dx = 0

If fF 3 ,
then d (f, 9) <0 . +Fy => 7

x = 20 , 13

such that 19(x)-f(x)/ 0
.


