
Date :

September S
,

2023

5 U
wr

·

pF 9 ? Defn : Fix a Poset P .

A subset of IS called en If :

lower case
U

Ex :

9 = P
e

w
↳Whenever P Is an element of the subset

,
and -94 ,

we know
w

~9 Is an element of the subset
.

there is some qtp for which

/ 9
-- lowercase↑ -/-*/· Utp(p) < => U < P /· /U
p ->

quowercase) lives inside

the poset .·

upward closed -> you are going up without -> Y Is not opened
->

u needs to be

getting out of the extension . e x + endeb .

Open subsets of Euclidean space .

Today : Open subsets of RY Ex (of U) :

Hw
: Open subsets of a poset .

n
= 1

, 8 R
Ball (X

,
2)

In I

potion: Fix nIO
,

and a Subset UCR"
,

The
dnb

following are equivalent :

13 [ I W

n = 2
,

a) U can be written as a union N c R
of open balls

.

Recall
:

An open ball in RR" is a set of the .
Ball (X

,

r) :

= 3y - R : dist(x
, 4) <r3 for -

some X-R"
,

0 > 0

b) xxtU
,

J r >0 (r-R)
,

such that

U
xi//

Ball(x
,

2
S UcR
//Fi/·x /



RealFor statemen to statement (b) men e

(a) = >(b) and (b) = >(a)

RefrAsubsetUcky is called en If U satisfies either

⑪ Whether Y is open depends on n !

- R
U -

open (in 1R]
Not open (in RY

proof
: (of proposition) : Lets prove (b) = (a)

. By (b)
,

we know that

* I rx >0 Such that Ball (X
,

rx) C U

A aim:

(Ball(x
,
rx) = u

prcos
we e

x U

J
-

Ball
( ,

ril y Ball(x ,
rx)

= > 7 x al such that

//. M

y - Ball(x
,
rx)

I* ↑

I ↑
But by construction

,* Ball (X
,

rx) < U .

I s
U so y < U

.

IX
, /x ·
-

· RHS <LHS
:

Fix x = U
,

then x eBall(x , rx)
.

Lets prove (a) = > (b) · By (c)
,

we know there is some

Indexing Set A
,

and a collection EIXa
,
val3cen such that

u - U Ball(xa , rc) We Choose an r Para2- A so that : ↑
*

↳ Fix some x <U
.

We must exhibit some -xr + dist(x
,
xa) <Po

.

"-
real # 030 Such that Ball (x

,

r) <U . BY
assumption ,

5 some < such that
Then y- Ball (x

,
r)

.

byChoiceof
Triangular Inequality :

C dist(4
,
x) = dist(y

,
x) + dist(x

,

Xa) <r + dist(x , xa)<x - Ball /Xc
, ra



i
.

e
,

Ball(X
,
r) <Ball (Xa

,
ra)

.
Since Ball(xa

,

ra) CU
,
we conclude

Ball (x
,
r) CU

.

//

RMK : The proof of this proposition (and Its statement) only involve a notion of

distance satisfying the triangular Inequality ·
So the prop must be true for

any set /not Jost RY) With such structure . Such a thing is called

#space
.

Examples : A
Integer n

=

0
, O c R" is open .

Ex : IR" cR" is open

Ex:

.
Ex

↓
Set

-
not nee

- / ,↑ //-"
5

S"I/ / // /U
IS It open ? S I

R

=-> If U = Ball (x
,
2) = UBall(x

,

2) !


