Lecture 9

The product rule and quotient rule

Today, we’ll see how to take the derivative of a product of two functions.

9.1 The Leibniz rule aka product rule

The Leibniz rule (also known as the product rule). If f and g have derivatives
at z, then so does the product fg, and the derivative is computed as follows:

(40+9)) () = ) - ale) + 1) 5ol

Written another way,

(f9)' () = f'(z)g(z) + f(z)g'(z)
Remark 9.1.1. It’s up to you which name you prefer for this rule—Leibniz rule
or product rule—just be aware that both names are in common use. (So you know
what other people are talking about if they mention it.)

Also, remember that in math, the word product means the multiplication of some-
thing; more specifically, something is called a product if it is being viewed as the
multiplication of two things.

For example, 15 is the product of 3 and 5. You can also multiply functions, so
that 3z cos(z) is the product of 3z and cos(x).

Example 9.1.2. Let’s compute the derivative of x?sin(z). We have

CZC(;U? sin(z)) = (;‘;(ﬁ‘)) sin(z) + 2° - <(Zc(sm<‘”)> (9.1.1)

= 2z - sin(z) + 2° cos(z). (9.1.2)
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36 LECTURE 9. THE PRODUCT RULE AND QUOTIENT RULE

The first line is the Leibniz rule, and the next equality follows from our knowledge
of the derivative of z? (the power law from last class) and of the derivative of sin
(from this class).

Example 9.1.3. Let’s compute the derivative of 23 cos(z). We have

CZC(:& cos(z)) = (CZC(:U?’)) - cos(z) + 2° - (jx(cos(x)) (9.1.3)
= 32? - cos(x) — 2®sin(x). (9.1.4)

The first line is the Leibniz rule, and the next equality follows from our knowledge
of the derivative of z* (the power law from last class) and of the derivative of cos
(from this class).

Example 9.1.4. Let’s compute the derivative of (32?+z)(z —3). This won’t involve
any sin or cos.
There are two ways to do this. One way to do this is by using the Leibniz rule:

D e -9) = Lt 10 @3+ @240 Lwos) 015
=3-224+1)-(z—3)+ (32> +2)-1 (9.1.6)
=(6z+1)(z—3)+ (32° + 2)1 (9.1.7)
=622 — 172 —3+32° + 2 (9.1.8)
= 92° — 16z — 3. (9.1.9)

Another way is to first multiply the factors together, and then use the addition and
power rules:

d 2 _ d 3 2 2

. (322 + 2)(x - 3)) = . (32° — 927 + 2® — 3x) (9.1.10)
_ 3 2
= - (32" — 822 — 3z) (9.1.11)
=3-32°-2-87 -3 (9.1.12)
= 92% — 167 — 3. (9.1.13)

You will get a lot of practice with the product rule in lab tomorrow.
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9.2 Quotient Rule

Recall that in math, the word quotient refers to something obtained by division. For
example, 3 is the quotient of 15 by 5. Likewise, the function

3z
CcoSs T

is the quotient of 3x by cosz.
First, let’s suppose g(z) is a function whose derivative we understand. Let’s try
to figure out the derivative of the function

1
9()
Example 9.2.1. We know the derivative of 2° + 3. Can we compute the derivative
of
L ?
x3+3

Here is a fact:

Lemma 9.2.2. Whenever g(x) # 0 and ¢ has a derivative at z, we have:

CZL’ (9(193)> - _gz(lag;:()f)

Put another way,

Put yet another way,

Here is a proof of this fact:

Proof. Let’s begin by noticing that

1=g(z) — (whenever g(z) # 0).
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Because the function on the right is equal to the function on the left (they are both
constant functions), their derivatives will be equal. Taking the derivatives of both
sides, we have:

d 1
0=— ).
7 (9(2) o x>)
Using the product rule on the righthand side, we find:
1 d 1
0=ga) -

0@ I gy

Moving a term over to the left, we find

, 1 d 1
g = gl
Dividing by g(x) and simplifying, we find:
—g(x) _d 1
= —— when g(z) # 0.
Jaf  drg(e) @
This proves the lemmal m

Example 9.2.3. Now let’s try tackling the question from Example 9.2.1. Let g(z) =
2% + 3. Then we know ¢’ = 3z%. So the formula from the Lemma tells us:

d, 1. -4
i g = gy (6-21)
B —(32?)
= FriF (9.2.2)
—3x2
- 3P (9.2.3)

I won’t simplify this fraction any further; though you could multiply out the bottom
if you like.

Now, we will finally know how to take derivatives of quotients:
Theorem 9.2.4 (The quotient rule.). Whenever f and g are differentiable at x, and

g(x) # 0, then
(f)' _f9—df
g ¢
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Put another way,

a <f> (@) = E@9@) — F@)f ()
T \g

Written yet another way, the quotient rule is

<f>' oy I @)olx) g/ (@)f(x)

9

In case you're curious, here is the proof of the quotient rule:

Proof of the quotient rule. Let’s note that

So we can compute

d 1 d 1
— (N6 (L
4 (x) — ()
=g W <g<x2>
L) | @)
g()? g(a)?
_ L (a)g(e) - f0)2 ()
g(x)? '
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(9.2.4)
(9.2.5)
(9.2.6)
(9.2.7)

(9.2.8)

The most important thing to note is that to conclude the equality in (9.2.6), we used

Lemma 9.2.2 from above.

The beginning and the end of this string of inequalities is exactly what the quo-

tient rule says.

]

Remark 9.2.5. If the notation in the above proof is unappealing, here is a proof
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using only the “prime” notation:

(g)l _ <f . ;)l (9.2.9)

L <1> (9.2.10)
g g
S (=
=+ <92 ) (9.2.11)
— % n _J;g (9.2.12)
P g
_S9— 19 (9.2.13)

e
Again, the equality in (9.2.11), follows from Lemma 9.2.2 from above.

Warning 9.2.6. The hardest part about the quotient rule is remembering the order
of things in the numerator:

fla—1d.
Note that the positive term is f’g, and the negative term is fg’. Some people prefer
to remember the numerator as
fla—4d'f,
which is the same thing.
Do not make the mistake of writing something like ¢'f — f’¢g in the numerator.
This is the wrong answer.

Example 9.2.7 (The derivative of tangent). Let’s compute the derivative of

sin(x)

cos(x)

(This is known, of course, as the tangent function.) Follow along:

(sin)’ _ sin’ - cos —2Sin - cos’ (9.2.14)

cos cos
_ cos~cos—si2n-(— sin) (9.2.15)

coS

cos? + sin?
= 9.2.16
cos? ( )

1

- 9.2.17
cos? ( )

= sec?. (9.2.18)
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The first equality is using the quotient rule. The equality (9.2.17) follows from the
identity sin?+cos® = 1. (You will be expected to know this identity; it’s from
trigonometry!) The last equality (9.2.18) follows from the definition of secant: sec =
1/ cos.

We have proven:

— tan = sec?.

dz

Equivalently,

tan’(x) = sec(x)?.

Example 9.2.8. Find the derivative of

x?—3
3+ 1

We use the quotient rule:

22 -3\ (2®2-3) - (2®+1)— (22— 3)- (2* + 1) 01
1) T CEmE (9.2.19)
2z - (28 +1) — (2? — 3) - 322
= 9.2.20
(23 +1)2 ( )
2 4 2 — 4 2
_ 2"+ 2 3r* + 9z (9.2.21)
(7517
—z* +92% + 2z
= . 9.2.22
(23 +1)2 ( )

9.3 For next lecture

For next lecture, I expect you to be able to do any of the following exercises:
Exercise 9.3.1. Compute the derivatives of the following functions:

1. —cos(x)

2. x — cos(x)

3. —xcos(x)

4. —x?cos(x).
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5. sin(z)?.

6. sin(z) cos(z).

7. 2% + 3z — 2.

8. (x—3)(z —2).
9. (z* —1)(3z — 1).

Exercise 9.3.2. What is the slope of the tangent line to the graph of f(z) = x cos(z)
at x = m/47



